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ABSTRACT

The free vibration analysis of cross-ply laminated composite shells
subjected to a combination of magnetic and thermal fields is performed in the
framework of the first-order shear deformable theory (FSDT). Coupled
equations of motion for the analysis are obtained from electro-magnetic
equations (Faraday’s law, Ampere’s law, Ohm’s law, and Lorentz equations)
and thermal equations which are involved in constitutive equations. The
variations in the free vibration characteristics of composite shells with the
applied magnetic field, temperature gradient, and geometric parameters are
investigated, and pertinent conclusions are drawn.

1. Introduction

Electromagnetic materials and structures are widely studied and applied in the
fields of the aerospace industry, nuclear power plants, magnetic suspension
systems, and electromechanical devices such as micro-actuators. Therefore, the
dynamic behavior of a system subjected to a combined electromagnetic-thermal
field constitutes one of the most interesting fields of study for researchers [1, 2].

This coupling between electromagnetic-thermal-elasticity for different stacking
sequences of laminated composite structures should be considered in the design
of such structures and systems.

Qin [3, 4] carried out pioneering research work on the nonlinear responses and stability
of isotropic/composite cylindrical shells. Tsai and Wu [5] performed a free vibration
analysis of a functionally graded magnetic-electric-elastic shell with an open-circuit
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surface condition.

Yoon [6] performed the topology optimization that considered the electro-fluid-thermal-
compliant couplings for a micro-actuator.

In this study, a free vibration analysis of a cross-ply laminated composite cylindrical
shell is performed when it is subjected to a combined electromagnetic and thermal field.

2. Equations of Motion

2.1 Displacement field
Figure 1 shows the geometry and curvilinear coordinate system (x,0,z) of a
cross-ply laminated composite cylindrical shell. The shell is subjected to both a
magnetic field in the axial direction and temperature variation beyond its stress-
free state.

L

Fig. 1 Geometry of laminated composite shells

The following geometric and kinematic assumptions are incorporated in the modeling
of a laminated composite cylindrical shell:
(a)Layers are perfectly bonded to each other, and their thicknesses are identical.
(b)Both the thickness-to-radius ratio and the thickness-to-length ratio are very small.
(c) The transverse shear effect is included.

The displacement field of a thin shell in the framework of the FSDT is given by [7]

U,(x,06,z,t) = u;(x,6,t) + zB,(x,6,t) (1a)
U,(x,0,z,t) = u,(x,60,t) + zB,(x,6,t) (1b)
Us(x,0,z,t) = u3(x,0,t) (10

where u,, u,,u; are 2D kinematic variables in x, 8,z directions, respectively.
B; and 3, represent the rotation about 6 and x axis, respectively.
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2.2 Electromagnetic field equations
The electromagnetic equations are derived from the generalized Maxwell equations
as [2]:

Faraday’s law VXE=-B (2a)
Ampere’s law VXH=] (2b)
Ohm'’s law ] =G(E+VXB) (20)
Lorentz force f=]JxB (2d)
Magnetic field intensity B = yH (2e)

where E denotes the electric field vector, H is the magnetic field vector, ] is the
current density vector, and B is the magnetic induction intensity vector. f is the Lorentz
force vector per unit volume, , is the permeability in vacuum. Matrix G represents the
electric conductivity matrix of a composite shell.

11 912 0
G=|912 g2z O (3)
0 0 gs3

where g,; = g,c0s%0 + g,sin?0, gs3 = g3, g2 = g,C0s?6 + g,sin?0,
g1z = (g1 — g)sinfcosh, g;(i = 1,2,3) is the electric conductivity coefficient in the
principle direction of the fiber.

2.3 Equations of Motion and Boundary Conditions
The equations of motion and the boundary conditions for a simply supported cross-ply
laminated composite cylindrical shell are derived via Hamilton’s variation principle [8].
The magnetic field is applied in the axial direction, and the temperature gradient exists
beyond the stress-free state.

Hamilton’s principle:
ty

§=6| [T-U+W]dt=0 (4)

to

at = to,t = t;: Su; = 0,88, = 0(i = 1,2,3{ = 1,2)

(1) Equations of motion:

1 1 1 1
Suy: AgUy g1 + Arz (ﬁ Up 1z T §u3,1) + Age (E Up 1z T ﬁumz)

—mliil + j fl da3 =0 (Sa)

as
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1 1 1 1
Suy: Age (u2,11 + Eumz) + Aq; Eumz + Ay, (F Uy oo T Fus,z)

_mliiz +j fz d(Z3 = 0 (Sb)
a
’ 1 1 1
Sus: A55(ﬁ1,1 + u3,11) + Ays (Eﬁz,z + ﬁuazz) - EA12u1,1
1 1 2 1
—Ay, (ﬁ Upy t+ ﬁus) — A110ug g — EA(icz@ust - ﬁAgzguszz
_m1ﬁ3 +.[- f3d0(3 = 0 (SC)
a3
1 1 1
6B1:D11B1,11 + D12 Eﬁz;z + Deg (ﬁﬂmz + ﬁﬂz,n) — Ass(By +us1)
_m331 +f fiazdas; =0 (5d)
a
! 1 1 1
6B2: Deg <.32,11 + Eﬁmz) + D, §.31,12 + D, ﬁﬁz,zz — Ay <,32 + §u3,2>
—msf, +f frasdas; =0 (5e)
asz

where the Lorentz forces and momenta per unit area are as follows:

h/2
fias =0 (6a)
—h/2
h/2
frdas = _hMo[gss]flz(Bgﬂz = —hg_33u2(381)2 (6b)
—-h/2
&
fzdas = —hMy[g,,] u3(381)2 = —h§22u3(381)2 (60)
—h/2
oy
J a3f1dx3 = 0 (6d)
—h/2
n/2 . .
| as fudas = M 9538887 = ~CHy(B8,)? (6¢)
—h/2

(2) Boundary conditions:

atx=0,L:
1 1
Sul:Allu:l,l + A12 (EUZ'Z + EU@) = 0,
5u2:u2 = 0,
6u3:u3 == 0, (7)

1
6By: D11,31,1 + Dy, Eﬁz,z =0,
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6B2: B2 = 0.

atd = 0,2m :
Sul:ul = 0;
1 1 1
5u2:A12 Eul‘l + AZZ (ﬁulz + ﬁug) = 0,
8u3: u3 == O, (8)
8f1:p1 =0, ’

1 1
8f2: Dy, Eﬁm + Dy, ﬁﬁz,z =0

(3) Discretized equations of motion
The governing equations are discretized through the extended Galerkin method. The
following trial functions are chosen to satisfy boundary conditions as much as possible.

1w, (x,6,0) = é % cos a,, xsin B, 6 - q(t) (9a)
Uy (%, 0, 1) = %n% sin a,, x cos B, 0 - q(t) (9b)
us(x, 0, 6) = ; T; sina,, x sin B, 0 - q(£) (90)
B(x,0,t) = ; mz:l cos &, x sin B, 0 - q(£) 9d)
B.(x,6,t) = i i sin @, x cos 3, 6 - q(¢) (%e)

S
1l
[N
3
1l
[

where a,, = %,ﬁn =n.
Substitution of Egs. (9) into the equations of motion in conjunction with the boundary
conditions yields the following discretized equations of motion:

M]G(¢) + [Clq(®) + [K]q(t) = 0 (10)

The above equations of motion are transformed into a state equation as follows:

[M]"x(¢) + [K]"x(t) = 0 (11)
where M = [V O] = ¢ &%= {3}
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The solution to Eq. (11) has the form x(t) = e*'x, and Eq. (11) is transformed into an
eigenvalue problem as:
AIM]*'x + [K]"'x = 0 (12)
where 1 denotes complex eigenvalues, 4, = g, *+ iwg,,, Where o, is the damping
and wy, is the damped natural frequency. x is the eigenvector (mode shapes).

3. Numerical Results and Discussion

Table1 shows a comparison of the natural frequencies in the present analysis
with those in Reference [9] for a stacking sequence of [0° 90° 90" 0°] to validate
the extended Galerkin method used in the present analysis.

Fig. 2 shows the variations in the fundamental frequency and the first damping
ratio with magnetic field intensity BY,. As the magnetic field intensity BY; increases,
the natural frequency decreases because the applied magnetic field increases the
damping, as can be seen in Fig. (2b). The natural frequencies for the case of
R = 10L are lower than for the case of R = 5L. In other words, the larger the radius
of the shell is, the lower the natural frequencies are, assuming the length of the shell
is fixed.

Fig. 3 shows the variation in the fundamental frequency with the temperature
gradient for three different values of the magnetic field; the variation is observed
to be almost linear. As the magnetic field or temperature gradient increases, the
natural frequencies monotonically decrease because the temperature gradient
affects the stiffness matrix[K], whereas the magnetic field produces a damping matrix
[C] (see Appendix A.2).

Fig. 4 is the same as Fig. 3; however, it shows the variation in the fundamental
frequency with the magnetic field intensity for three different temperature
gradients. Fig. 4 also indicates that the temperature gradient affects the values of the
magnetic field intensity, which can make the natural frequencies to zero valued quantity.

Compared with a positive gradient, a negative temperature gradient requires a larger
magnetic field to derive the natural frequency to zero.

Fig. 5 reveals the effect of the stacking sequence on the variation in the
fundamental natural frequency with the magnetic field. The stiffness quantities of
the structure are greatly affected by the stacking sequences and the fiber angles.

Table 1 Comparison of the natural frequencies with those in Reference [9]
for a stacking sequence [0° 90° 90" 0°]

Present Reference [9], Reddy Error (%)
Case1(R =5L)
0.399
20.2803 | 20.361 o
Case 2(R = 10L)
0.49
16.701 | 16.634 b
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4. Conclusion

The dynamic characteristics of cross-ply laminated composite shells
subjected to a combined magnetic and thermal field are performed. Coupled
equations of motion for the analysis are obtained from electro-magnetic
equations and thermal ones which are involved in the constitutive equations.

The variations in the free vibration characteristics of composite shells with
the applied magnetic field, temperature gradient, radius ratio, and length of
the shell are investigated, and pertinent conclusions are outlined.
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Appendix
A.1 Elements of matrices in Egs. (10)

Np

Ajj = Z C_?i(;c)(Zkﬂ — Z)

k=1
Np,
1 A 3 3
D;j = gz Qij (Zic+1 — 2i)
k=1
Np
= (A0 + AR+ AD]
k=1
Np,

— () (k) () (k) Ry (k)
AT, = § [A16 ayy + Az Ay T Age 4, ]
k=1

711



A, — Z[ A%a® + 499400 1 4B (k)]

L
k
m; = z P(() )(Zk+1 — Zk)
K=1

1
k
=3 PR — )
K=1

A.2 Mass [M], damping [C] and stiffness [K] matrices

My, O 0 0 0 0o O 0o 0 O Kin Kip Kiz 0 0

0 My 0 0 0 [o Cpy, 0 0 o} Ky Ky, Kis 0 0
M=]| o0 0 My O 0], C=l0 0 G 0 Of K=[Ky; Kip Ksz Kza Kss

o 0 0 M, 0 00 0 0 OJ 0 0 Ki K Kis

0 0 0 0 Mg 0 o 0 0 GCss 0 0 Ks3 Ksa Kss
where

My, = Lm1¢1¢1TdQ»M22 = Lmllpzlpng'M% = Lm1¢3¢gd9;
Mis = [ mapaan, Mg = | mopaplan.

Ca2 = (Bg1)? Lh§33¢2¢£d9'633 = (Bg1)? th22¢3¢gdﬂ

Css = (B31)? Lce,ggll)s’l’gdﬂ-

1 T
s Ageiiblz ) dO

Ki1 =j (A11¢1,1¢{1 -
Q

1
Ay 195, — A66¢1w£12> dQ

-G R
1 1 T 1 T
K= [ (Atrav?) a0, Ko = [ (zAudaatls - g Ashobls) do
Q Q
1 T T 1 T
K32 = <R2A22¢2,2¢2,2 - Ase‘l)zl/)z,n) dQ, Ky3 = (ﬁAzzwz,zll)s) dQ)
qQ Q

K= [ (ghavsla)an, Ko = [ (gramvavds)do
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K33 = iA I'—A Ti— iA 7 A%,0 T
33 = R2 2233 s55¥3311 R2 4aP3P322 + A110Y313 14
Q

2 1
+ 2 ALOPPT 1 + oz A5,095 Y], ) dO
T ! T
K3y = — (A551/131/)4,1)d9’ K35 = — <§A441/)31/15,2> dQ
Q Q
K43 = f (A551:[)47~,[)§,1)d'Q
Q
T T 1 T
Kyy = <D111/J4,1¢4,1 + AssPaPs — Dee ﬁ¢4¢4.22> df
Q
1 r 1 T
K, = f (Dlz §1P4,11/15,2 — Dgg §¢41/J5,12) aq
Q

T 1 T 1 T
Ks3 = (A44¢51/’3,2)d9' Ksy = (D12 §¢5,21P4-,1 — Dee §¢5¢4,12) dQ
Q Q

1
Kss = j (Dzz F¢S,2¢£2 + Agapsips — D66¢5¢£11> dQ
)

21T oL
f dQ = f f dxd6
Q 0 0
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