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ABSTRACT 

The free vibration analysis of cross-ply laminated composite shells 

subjected to a combination of magnetic and thermal fields is performed in the 

framework of the first-order shear deformable theory (FSDT). Coupled 

equations of motion for the analysis are obtained from electro-magnetic 

equations (Faraday’s law, Ampere’s law, Ohm’s law, and Lorentz equations) 

and thermal equations which are involved in constitutive equations. The 

variations in the free vibration characteristics of composite shells with the 

applied magnetic field, temperature gradient, and geometric parameters are 

investigated, and pertinent conclusions are drawn. 

1. Introduction 

Electromagnetic materials and structures are widely studied and applied in the 

fields of the aerospace industry, nuclear power plants, magnetic suspension 

systems, and electromechanical devices such as micro-actuators. Therefore, the 

dynamic behavior of a system subjected to a combined electromagnetic-thermal 

field constitutes one of the most interesting fields of study for researchers [1, 2].    

This coupling between electromagnetic-thermal-elasticity for different stacking 

sequences of laminated composite structures should be considered in the design 

of such structures and systems. 

Qin [3, 4] carried out pioneering research work on the nonlinear responses and stability 

of isotropic/composite cylindrical shells. Tsai and Wu [5] performed a free vibration 

analysis of a functionally graded magnetic-electric-elastic shell with an open-circuit 
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surface condition.   

Yoon [6] performed the topology optimization that considered the electro-fluid-thermal-

compliant couplings for a micro-actuator.   

In this study, a free vibration analysis of a cross-ply laminated composite cylindrical 

shell is performed when it is subjected to a combined electromagnetic and thermal field.  

2. Equations of Motion 

2.1 Displacement field 

Figure 1 shows the geometry and curvilinear coordinate system �x, θ, z� of a 

cross-ply laminated composite cylindrical shell. The shell is subjected to both a 

magnetic field in the axial direction and temperature variation beyond its stress-

free state. 

Fig. 1 Geometry of laminated composite shells

The following geometric and kinematic assumptions are incorporated in the modeling 

of a laminated composite cylindrical shell: 

(a) Layers are perfectly bonded to each other, and their thicknesses are identical. 

(b) Both the thickness-to-radius ratio and the thickness-to-length ratio are very small.  

(c) The transverse shear effect is included.  

The displacement field of a thin shell in the framework of the FSDT is given by [7] 
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2.2 Electromagnetic field equations 

The electromagnetic equations are derived from the generalized Maxwell equations 

as [2]:  

Faraday’s law              � � � � �	
 																																											�2��
     

Ampere’s law              � � � � �																																																�2b�
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Magnetic field intensity      		 � μ
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where � denotes the electric field vector, � is the magnetic field vector, � is the 

current density vector, and 	 is the magnetic induction intensity vector. � is the Lorentz 

force vector per unit volume, μ
�

is the permeability in vacuum. Matrix G represents the 

electric conductivity matrix of a composite shell. 
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principle direction of the fiber. 

2.3 Equations of Motion and Boundary Conditions 

The equations of motion and the boundary conditions for a simply supported cross-ply 

laminated composite cylindrical shell are derived via Hamilton’s variation principle [8].   

The magnetic field is applied in the axial direction, and the temperature gradient exists 

beyond the stress-free state.  

Hamilton’s principle: 
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where the Lorentz forces and momenta per unit area are as follows: 
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(2) Boundary conditions: 

�t	x 	 0, ::

δ

�
: �

��


�,�
� �

��
�
1

�


�,�
�
1

�


�
� 	 0,																																																						

'

�
: 


�
	 0,																																																																																																									

'

�
: 


�
	 0,																																																																																																													�7�

'�
�
: (

��
�
�,�
� (

��

1

�
�
�,�
	 0,																																																																									



   

'�
�
: �

�
	 0.																																																																																																									

�t	> 	 0,2? ∶
δ


�
: 


�
	 0,																																																																																																									

'

�
: �

��

1

�


�,�
� �

��
�
1

��


�,�
�
1

��


�
� 	 0,																																													

δ

�
: 


�
	 0,																																																																																																			�8�

δ�
�
: �

�
	 0,																																																																																																								,

δ�
�
: (

��

1

�
�
�,�
� (

��

1

��
�
�,�
	 0.																																																																	

 (3) Discretized equations of motion 

The governing equations are discretized through the extended Galerkin method. The 

following trial functions are chosen to satisfy boundary conditions as much as possible. 
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Substitution of Eqs. (9) into the equations of motion in conjunction with the boundary 

conditions yields the following discretized equations of motion: 

�
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The above equations of motion are transformed into a state equation as follows: 
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The solution to Eq. (11) has the form M�1� � e��M, and Eq. (11) is transformed into an 

eigenvalue problem as: 

R+M/∗M � +K/∗M � 0																																																												�12�
where R denotes complex eigenvalues, R

�
� S

�
T &U

��
, where S

�
 is the damping 

and U
��

 is the damped natural frequency. M is the eigenvector (mode shapes). 

3. Numerical Results and Discussion

Table1 shows a comparison of the natural frequencies in the present analysis 

with those in Reference [9] for a stacking sequence of 20°		90°		90°		0°4 to validate 

the extended Galerkin method used in the present analysis. 

Fig. 2 shows the variations in the fundamental frequency and the first damping 

ratio with magnetic field intensity	V
��

�
. As the magnetic field intensity V

��

�
increases, 

the natural frequency decreases because the applied magnetic field increases the 

damping, as can be seen in Fig. (2b). The natural frequencies for the case of 

: � 10W are lower than for the case of : � 5W. In other words, the larger the radius 

of the shell is, the lower the natural frequencies are, assuming the length of the shell 

is fixed. 

Fig. 3 shows the variation in the fundamental frequency with the temperature 

gradient for three different values of the magnetic field; the variation is observed 

to be almost linear. As the magnetic field or temperature gradient increases, the 

natural frequencies monotonically decrease because the temperature gradient 

affects the stiffness matrix+K/, whereas the magnetic field produces a damping matrix 

+C/ (see Appendix A.2).  

Fig. 4 is the same as Fig. 3; however, it shows the variation in the fundamental 

frequency with the magnetic field intensity for three different temperature 

gradients. Fig. 4 also indicates that the temperature gradient affects the values of the 

magnetic field intensity, which can make the natural frequencies to zero valued quantity.   

Compared with a positive gradient, a negative temperature gradient requires a larger   

magnetic field to derive the natural frequency to zero. 

Fig. 5 reveals the effect of the stacking sequence on the variation in the 

fundamental natural frequency with the magnetic field. The stiffness quantities of 

the structure are greatly affected by the stacking sequences and the fiber angles.  

Table 1 Comparison of the natural frequencies with those in Reference [9] 

for a stacking sequence 20°		90°		90°		0°4

Present Reference [9], Reddy Error (%)

Case 1	�: � 5W�
0.39% 

20.2803 20.361 

Case 2�: � 10W�
0.4% 

16.701 16.634 
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Fig. 2 Variation in the fundamental natural frequency and the first damping 
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Fig. 3 Variation in the fundamental natural frequency with Θ
for three different values of 6

��

�

Fig. 4 Variation in the fundamental natural frequency with 6
��

�

for three different values of Θ



   

Fig. 5 Variation in the fundamental natural frequency with 6
��

�

for three different stacking sequences

4. Conclusion 

The dynamic characteristics of cross-ply laminated composite shells 

subjected to a combined magnetic and thermal field are performed. Coupled 

equations of motion for the analysis are obtained from electro-magnetic 

equations and thermal ones which are involved in the constitutive equations.   

The variations in the free vibration characteristics of composite shells with 

the applied magnetic field, temperature gradient, radius ratio, and length of 

the shell are investigated, and pertinent conclusions are outlined. 
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Appendix

A.1 Elements of matrices in Eqs. (10) 
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