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ABSTRACT

In this paper, the flow-induced vibration and flutter instability of cantilever carbon nanotubes
conveying fluid and modeled as a thin-walled Timoshenko beam are investigated. Analytically
nonlocal theory, transverse shear and rotary inertia effects are incorporated in this study. The
governing equations and the boundary conditions are derived through Hamilton's principle. Numerical
analysis is performed by using extended Galerkin method which enables us to obtain more exact
solutions compared with conventional Galerkin method. Variation in the critical flow velocity of carbon
nanopipes based on three different models of analytically nonlocal model, partially nonlocal model,
and local model are investigated and pertinent comparisons are performed.

1. Introduction

Carbon nanotubes (CNTs) are potential building blocks for nano-electro-mechanical systems
(NEMS), nanoelectronics, nanopipes, nanosensors, nanoactuators, and nanocomposites due to their
novel electronic, mechanical, and chemical properties. Because of their ideal hollow cylindrical
geometry and superior mechanical strength, carbon nanotubes hold substantial promises as
nanocontainers for gas storage and nanopipes conveying fluids (gases or water). In particular,
because the kinetic energy of internal moving fluid influences the mechanical behavior of CNTs, the
fluid flow inside CNTs is a significant and challenging research topic.

Research on nanoscale structures is difficult to perform, and molecular-dynamics simulations that
deal with micro-systems are more expensive and difficult to implement than macro-systems.
Molecular structural mechanics and continuum elastic models have been widely used to study the
mechanical behavior of CNTs such as static deflection, buckling, thermal vibration, resonant
frequencies and modes.

Sohlberg et al. [1] demonstrated that the method of continuum mechanics provides a viable and
efficient alternative to the standard method for vibration analysis of CNTs, and emphasized the
necessity of the continuum method for effective molecular vibration analysis.

Fernandez et al. [2] revealed that, for a single wall CNT (SWCNT) with free-free boundary condition,
as the aspect ratio of the SWCNT and/or number of atoms increases, the difference between the
atomistic approach and continuum mechanics analysis based on Euler beam(EB) theory becomes
immaterial. They also suggested that transverse shear deformation and rotary inertia effects should
be considered for CNTs with small aspect ratios so as to reduce the differences between these two
approaches.

Yoon et al. [3,4] performed research on the flow-induced vibration of CNTs with simply supported
and fixed boundary conditions using EB theory. Choi et al. [5,6] investigated the effect of fluid flow
on the free vibration and flutter instability of CNTs based on the Timoshenko beam(TB) theory.

Advanced size-dependent continuum models such as the strain gradient model, couple stress
model, and nonlocal stress model incorporating nano-scale effects have been suggested. Among
them, the nonlocal stress model developed by Eringen [7] is considered to be more effective because
it takes into account the scale effect of nano-sized structures. Unlike the local theories which assume
that the stress at a point is a function of strain at that point, the nonlocal stress model assumes that
the stress at a point is a function of strains at all points in the continuum.

Soltani [8], Lee [9,10], and Wang [11] dealt with the flow-induced vibration problems of SWCNTs
based on the partially nonlocal theory (PNT) and EB theory. However, the PNT model, in which the
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higher-order terms of nonlocal theory are neglected, underestimates the stiffness of CNTs, and as a
result, yields different results from those of experiments and the molecular dynamics approach.

In order to avoid this discrepancy, Yang et al. [12] performed a study on wave propagation in
double-walled CNTs by adopting an analytically nonlocal theory (ANT) TB model.

In this study, the natural frequencies and flow-induced flutter instability of a cantilever nanopipe
were investigated based on the advanced ANT model, wherein the nanopipe was modeled as a thin-
walled beam and both the transverse shear and rotary inertia effects were incorporated [13-15].

Results obtained from the ANT model were compared with those from the PNT model and the
classical model in which the nonlocal effect is not considered.

2. Structure Modeling
2.1 Displacement field of thin-walled beam model

The displacement vector (u,vand w) of a point A on the nanopipe cross-section under bending can

be described in terms of four kinematic variables, namely, u,,v,,¢, and 6, (see Fig.1).

u(s,z,t) = uy(z,t) —Y(s)p(z,t)
v(s,z,t) = ve(z,t) + X(s)p(z,t) )
w(s,z,n,t) = 6, (z,O[X(s) + n ]+ O (2, O[Y (s) —n]

where u,, v, are the translational kinematic variables of the CNTs in the X,Y directions, respectively
while 6, .6, are the rotations of cross-section about the X,Y axes, respectively. (n,s,z ) denote the
thickness, circumferential, and axial coordinate, respectively, and ¢ is time.

(X,Y,Z) : Global Coordinate System
n,s,z) : Local (Surface) Coordinate System

X

CONTOUR LINE

Fig. 1. Kinematic variables, coordinate system, and configuration of the thin-walled beam.

2.2 Nonlocal theory

The nonlocal theory proposes that stress at a point depends not only on the strain at that point but
also on strains at all other points of the body [7]. This observation is deduced from the atomic theory
of the lattice dynamics and experiments of phonon dispersion. The relationship between the local
(0i;(r")) and nonlocal (g;;(r)) stress tensors and constitutive equations, respectively are expressed as:
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0;;(1) = [qa(lr' = rl, e)0y'(r")dQ )
0f;j(r") = A€ ()8 + 2pe;;(r")

where a(|r' —r]|,e,) is the nonlocal modulus which relates the nonlocal stresses with local ones,
e, (= %) is the nonlocal parameter, e, denotes an nonlocal scaling parameter appropriate to each

material, and a is the internal characteristic length which is equal to C-C bond length of CNT
(0.142nm). For CNT, the values of ¢, are scattered in the range of 0.29 to 8.79 [16]. The nonlocal
parameter depends on the boundary conditions, chirality, mode shapes, number of walls, and type of
motion. Till date, no rigorous investigation has been carried out on estimating the value of the
nonlocal parameter. The value of nonlocal parameter can be determined by conducting a comparison
of dispersion curves from the nonlocal continuum mechanics and molecular dynamics simulation.
Because it is difficult for us to analytically solve the nonlocal spatial integral of Eq. (2), Eringen

applied the Green’s function to simplify the integro-partial equation to an equivalent 2nd order

differential equation in the two-dimensional region as follows [7] :
(1 - (eoa)?V®)ay; = gy’ (3)
The constitutive relation with the nonlocal effects is stated as

2 dzazz _
Ozz — (eoa) F - EEZZ (4)

The solution of Eq. (4) is assumed to be a series form as follows [17] :

Oyp = EZ;‘:’zl(eoa)z(n—l)E;ZZ(n—i)> -
According to the basic definition, the increase in strain energy per unit volume is defined as the sum

(integration) of stress over the history of strain as follows:

€. o - €, 2(n—1
v= fO “0,,de,; = E Zn:l(eoa)z(n 2 f() “ ez<z (1> des; (6)

2.3 The equations of motion and boundary conditions

The equations of motion and their associated boundary conditions for a nanopipe are derived via
Hamilton's variation principle as:

8] = [} (=8V + 8K + Wy )dt = 0 @)
@t:to,t:tl: 6u0:6v0:6W0:89y:89X:8¢:0

The strain energy ¥V in Eq. (7) may be written as in [17] using Eq. (6).

1 1
V= Ef-[(o_zz €22 + OszVsz + Unzynz)dT = Ef.[(vl + (%) + U3 + OszVsz + O—nz]/nz)d'[ (8)
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where v;, v,, v; are defined as follows:

vy =2 E T (=1)" (ega) " (e5™>)? (9a)
v, = E Zia{ (0@ Th_y [(- 1™ e M) (9b)
vy = Ee (9¢c)

where < > denotes the order of differentiation.

The strain energy of nanopipes based on PNT is obtained by substituting Eq. (3) into the stress and
bending moment equations in the framework of local stress theory (classical continuum theory). [8-11].
The kinetic energy K in Eq. (7) may be expressed as the sum of the kinetic energy of a nanopipe K,

and the kinetic energy of the fluid k, [15]. The kinetic energy K, of a nanopipe is given by

K =30 1G + (5) + (5) e (10)

Fig. 2 Displacement of nanopipe and fluid

The fluid moves along the centerline of the pipe if there is no indirect flow incurred by deformation of
the pipe. Then R,is given by (see Fig.2)

Ry = Rpc + Ry pc (11)

where R,. and Ry, are
Rpe =ul +v] + (z+ w)K (12a)
Ri/pc = xpls + Yoly (12b)

For 6, 6, <1, the coordinates transformation between (i,,/,.k,) and (7,7,K) in Egs. (12a),(12b)

is
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U 1 ¢ 6,1
Jn| = [—qb 1 9xl J (13)
k—b) _ey _GX 1 I_(
and, the kinetic energy k , of fluid is given by
Ky =3 1,pr Ry - Rede (14)

The virtual work done (5w, ) by flow velocity at end point (z =L ) is non-conservative and may be
expressed as

h
wy=—[." fO(R‘E) py Ultig + Unh)Suq (15)

Substitute Egs. (8), (10), (14), and (15) into Hamilton's variation principle, Eq. (7), collect the
coefficients of the virtual generalized displacements, and set these coefficients to zero separately.
This procedure yields both the equations of motion and boundary conditions in bending as follows
[12-15]:

Equations of motion:
Sug 1 age(ug + 6y) = byuiy + mpip + 2mpUtiy’ + mpU?u," (16)

80y : az0y — asa(ug + Oy) — az(e0a)?6y""" —3ay,(e0a)*6y"" = (bs + bys)by

Cantilever boundary condition:
at z = 0, Uy = ey =0
at Z= L; a4_4(u6 + gy) = O, a2259},/ = 0 (17)

where

dx

2 2
sy = [ [Kaz (ds) + Ay (Z_LSL) lds, az, = [ [Ki1x* + K44(% *]ds (18)

The quantitiesa,, and a, are the chordwise bending, and chordwise transverse shear stiffness
coefficients, respectively, and 5, and (b, + b, ) are the mass and the moment of inertia per unit length
of a nanopipe, respectively.

3. Numerical analysis

3.1 Dimensionless governing equations

Nondimensional quantities are introduced to allow the analysis of a generalized system regardless of
shape and size as follows:

ms

§=% qET =222 5T =0,(z0), B =

L
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(19)

1 epa

= G2  p_ azz t _ (bstbss _
2 - T2 Y= 2 en -
Qaal by+my L by+mys ) L L

where m, is the fluid mass per unit length.

Substituting Eq. (19) into the equations of motion (16) and the boundary conditions (17), the
nondimensional equations of motion and associated boundary conditions are given as follows,

Equations of motion:

— . 1, __

6y + 17" =on+ 2cupfzn’ + ou?n" (20)

O-H_Y” _ H_Y _ ﬁ’ _ o_(e"zle—yllll + 3839—},!””) — O_ye'—'y
Cantilever boundary condition:

tE=0;77=60,=0
a g b 77 _Y > _ (21)
até=1;7+6,=0, o6, =0

where (')=%, ( ')=6a(_€)

3.2 Eigenvalue problem and mode shapes
The solutions are assumed as follows to solve the eigenvalue problem above using the extended
Galerkin method.
= —_ VN ®
N T) = Xj=1a;(T)p; () (22a)

0, (6,7 =2, q; (T (§) (22b)

In the case of CNTs clamped at both ends, the trial functions ¢, are assumed as in Eq. (23a,b)

using the eigenfunctions of a TB neglecting flow effects:

(23a)

rnrr

@%@=$G¢%ﬂ)

3
¢>](.2)(E) =— [q,-(]osh(qj) + q—JZCos(pj)] Cosh(q;€)[q;Sinh(q;) + p;Sin(p;)]Sinh(q;€)
j

+ [qjCosh(qj) + %Cos(pj)] Cos(pjf) %[quinh(qj) + ijin(pj)]Sin(pjf) (23b)

where p;, q; are:
0. 41) =05t + o7+ 457) @

where s, denotes the j -th eigenfrequency of the cantilevered beam.
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Substitute Egs. (23) into the equations of motion (20) and boundary conditions (21), then perform the
extended Galerkin integration from ;=7 to N . Thus, the following equations of motion in a matrix

form are obtained:

[M1{G} + [Cl{q} + [K]{q} = {0} (25)
where {G},{4},{q}% [M],[C],[K] are as follows;

@ [d}] @ [dz] @ [af]
qas = @ » 45 = 5]' qs = b;
1
MY =0 [l oMo ds
Mi(jZZ) =yo f01 @52)(052)(15
1
co = 2p20u [, 0V 0V dg (26)
— 1 " 1 " I 1
KSD = o [0 00as — 100" 00z + [0 0]
1
(12) _ @151 @51t
KS _—Lajwida+wj¢ih
1 !
K3V = [ o 0P de
1 n 1 1 mnrr
0 0 0

1
+30e, fol Q)JQ)””N@EZ)dE + [Q)J(Z)’@EZ)]O

Eq. (25) is rewritten in a state-space expression as

{Z} = [41{z} (27)

9 _ [0] [7]
wnere ()= (9). 1= e}

The solution of Eq. (27) is an exponential forme* , and the stabilities of this system depend on the
eigenvalues 7, satisfying the condition‘[N]f/T[l]‘:o. If there is damping, the eigenvalue should be

expressed as a complex number:

A =@ + i@y (28)

where &, is the damping, @, is the natural frequency, and the coefficient vector with respect to

r

each natural frequency is a mode shape.

The material properties and geometric dimensions of the nanopipe and fluid used for numerical

analysis are as follows:
E =1TPa, G = 0.4TPa, v = 0.25, pene = 2.3g/cm?, p; = 1g/cm?, h = 0.34nm
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3.3 Stability

The stability characteristics of a nanopipe depend on the sign of the real part «, of eigenvalue 1,
in Eq. (28). The system is stable for «.(0 and unstable for « )0. Two different types of instabilities
are observed, namely, flutter instability for @, = 0, and divergence instability fora, =0 .

3.4 Dimensionless relative flow velocity

The dimensionless relative flow velocity is defined as

Uper = UR (29)

o~ =

where R = /;n—f/ [;n—f L :LL—* , ( )risafigure at h = 0.34nm, L = 0.34nm, R,,, = 0.68nm.
22 22

4. Results and discussions

Tables 1 and 2 show the variations in the first three natural frequencies of a cantilever CNT with the

nonlocal scaling parameter ¢, (its values are in the range of 0.29 to 8.79) [16] for two different radius

ratios, R;,/R.u: =0.6 and 0.9, and the geometrical parameters of the CNTs are fixed as 5 L =1,

out

h = 0.34nm herein. The distinctions between CT, PNT, and ANT are highlighted in these tables. In
order to assess the effect of the order of nonlocal terms in PNT and ANT, the cases of fourth and
sixth- order nonlocal terms are considered herein.

Tables 1 and 2 reveal that PNT underestimates the natural frequencies compared with CT,
whereas ANT overestimates the natural frequencies compared with CT. This tendency becomes more
obvious as the nonlocal scaling parameter (e,) and/or mode numbers increase. It is reasonable that
the natural frequencies obtained in the nonlocal theory should be larger than those in CT since the
increase in the bonding force between the carbon atoms enhances the stiffness of the CNTs. This fact
implies that ANT provides more reasonable predictions compared with PNT.

As the value of ¢, increases, for ANT, the rate of increase in the natural frequencies grew
steeper. The reason is that as the value of ¢, increases, the bonding strength of the CNTs increases,
and as a result, the stiffness of the CNTs increases. This tendency is more pronounced for the case
of R;,/Rou: = 0.6 than for R;,/R,,: = 0.9. This is because that smaller CNTs are more sensitive to
the scale effect.

For the case of R;,/R,.: = 0.6, as the nonlocal scaling parameter (e) increases, the difference
between the results for the fourth and sixth-order cases becomes larger, while for R;,/R,,: = 0.9,
there are no notable differences between them. This fact implies that a smaller structure is more
sensitive to the scale effect. Therefore, for smaller CNTs, it is necessary to consider more nonlocal

higher- order terms in the analysis to obtain more accurate predictions.
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Table 1 Variation in the first three natural frequencies with e, (R;,/R,.:=0.6, p =10, h=0.34)
out
w
CT ; 3.49149/21.0271 / 55.6322
eo(en)
PNT ANT
4th 6th 4th 6th
3.49145 3.49145 3.49154 3.49154
0.29 (0.00242) 21.0252 21.0252 21.029 21.029
55.6213 55.6213 55.6431 55.6431
3.48924 3.48924 3.49372 3.49371
1.99 (0.01662) 20.9369 20.9373 21.1157 21.1146
55.1119 55.1191 56.1397 56.1192
3.48358 3.48361 3.49903 3.49897
3.69 (0.03082) 20.7097 20.7143 21.3261 21.3135
53.7814 53.8711 57.3297 57.0968
3.47395 3.47412 3.50722 3.50697
5.39 (0.04502) 20.318 20.3418 21.6482 21.5919
51.4121 51.8812 59.1158 58.1013
3.45856 3.45978 3.51804 3.51721
7.09 (0.05922) 19.6803 19.783 22.0683 21.901
47.2835 49.187 61.3872 58.4447
3.42468 3.43867 3.53121 3.562857
8.79 (0.07342) 18.2172 18.9644 22.5742 22.1653
37.3968 46.1247 64.041 56.7614

Table 2 Variation in the first three natural frequencies with e, (R;/Rpu:=0.9 , L/2R,;=10, h = 0.34)

w
CT ; 3.48634 / 20.8282 / 54.5271
€o (en)
PNT ANT
4th 6th 4th 6th
3.48634 3.48634 3.48634 3.48634
0.29 (0.00061) 20.8281 20.8281 20.8283 20.8283
54.5265 54.5265 54 5277 54 5277
3.4862 3.4862 3.48648 3.48648
1.99 (0.00416) 20.8228 20.8228 20.8336 20.8336
54.4975 54.4975 54.5567 54.5566
3.48586 3.48586 3.48681 3.48681
3.69 (0.00771) 20.8097 20.8097 20.8466 20.8466
54.425 54.4253 54.6286 54.6277
3.48532 3.48532 3.48735 3.48735
5.39 (0.01126) 20.7887 20.7887 20.8674 20.8672
54.3086 54.31 54,743 54.739
3.48458 3.48458 3.48808 3.48808
7.09 (0.01481) 20.7596 20.7598 20.8959 20.8953
54.1475 54.1516 54.8992 54.8873
3.48362 3.48362 3.48901 3.48901
8.79 (0.01836) 20.7224 20.7229 20.9319 20.9304
53.9403 53.9501 55.0961 55.0682
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Tables 3 and 4 show the variations in the critical flow velocity at which flutter instability occurs with
the nonlocal scaling parameter e, (its values are in the range of 0.29 to 8.79) [16] for three different
theories (CT, PNT, and ANT) and for two radius ratios, R;,/R,,:= 0.6 and 0.9. Geometrical
parameters are fixed as L/2R,,; = 10, h = 0.34. In order to investigate the effect of the order of
nonlocal terms in PNT and ANT, two cases (fourth and sixth-orders) are considered herein.

Figures 3 and 4 show the graphical presentation of the results in Tables 3 and 4. Tables 3, 4 and
Figs. 3, 4 reveal that the critical flow velocities of PNT decrease whereas those of ANT increase as
the scaling parameter e, increases. They also show that a larger the value of e, results in a
stronger nonlocal effect. The critical flow velocities in the nonlocal theory, as in the case of the natural
frequencies, are larger than those in CT since the increase in bonding force between the carbon
atoms enhances the stiffness of the CNTs. This fact also implies that ANT gives more reasonable
predictions on the stability characteristics of CNTs compared with PNT. It is more sensitive to the
scale effect in the case of R;,/R,,.=0.6 than for R;,/R,,;=0.9. For R;,/R,,: = 0.6, as the nonlocal
scaling parameter (e) increases, the difference in the critical velocities for the fourth and sixth-order
cases becomes larger, while for R;,/R,.: = 0.9, there is no notable difference between them. This
fact reveals that the critical velocity is more sensitive to the scale effect for smaller CNTs. Therefore,

for smaller CNTs, it is necessary to consider more nonlocal higher- order terms for stability analysis.

Table 3 Variation in the relative critical velocities U, ., With ey(R;,/Ry,:=0.6)

Uret,er
CT ; 5.330(2nd)
) PNT ANT
4th 6th 4th 6th
0.29 (0.00242) 5.330 (2nd) | 5.330 (2nd) | 5.330 (2nd) | 5.330 (2nd)
1.99 (0.01662) 5310 (2nd) | 5.310 (2nd) | 5.350 (2nd) | 5.350 (2nd)
3.69 (0.03082) 5.260 (2nd) | 5.260 (2nd) | 5.400 (2nd) | 5.400 (2nd)
5.39 (0.04502) 5.160 (2nd) | 5.160 (2nd) | 5.480 (2nd) | 5.480 (2nd)
7.09 (0.05922) 4.980 (2nd) | 5.000 (2nd) | 5.580 (2nd) | 5.570 (2nd)
8.79 (0.07342) 3.710 (2nd) | 4.740 (2nd) | 5.700 (2nd) | 5.900 (2nd)
Table 4 Variation in the relative critical velocities, U, With eo(Rin/R0u:=0.9)
Ureter
CT ; 4.023(3rd
aen) PNT o ANT
4th 6th 4th 6th
0.29 (0.00061) 4.023 (3rd) | 4.023 (3rd) | 4.023 (3rd) | 4.023 (3rd)
1.99 (0.00416) 4.023 (3rd) | 4.023 (3rd) | 4.027 (3rd) | 4.027 (3rd)
3.69 (0.00771) 4.019 (3rd) | 4.019 (3rd) | 4.031 (3rd) | 4.031 (3rd)
5.39 (0.01126) 4.010 (3rd) | 4.010 (3rd) | 4.040 (3rd) | 4.040 (3rd)
7.09 (0.01481) 3.997 (3rd) | 3.997 (3rd) | 4.053 (3rd) | 4.053 (3rd)
8.79 (0.01836) 3.980 (3rd) | 3.980 (3rd) | 4.066 (3rd) | 4.066 (3rd)
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Fig. 3 Variation in the relative critical velocities, Uy, With ey(Ri; /R4, =0.6)
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Fig. 4 Variation in the relative critical velocities, Uy¢; o With eg(Ri,/R0yu:=0.9)

5. Conclusion

In this study, a structural model for flow-induced stability of CNTs based on ANT is derived, and the
variation in the critical flow velocity at which flutter instability occurs with flow velocity is investigated.

The findings observed from the study are as follows:

(1) ANT overestimates the critical flow velocities compared to the classical theory where the nonlocal
effect is neglected.
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(2) As the value of the nonlocal scaling parameter (e, ) increases, the critical flow velocity increases
since the bonding forces between the internal carbon atoms increases, and as result, the stiffness of
the CNTs is enhanced.

(3) It is recommended to increase the order of nonlocal terms for smaller sized CNTs since they are
more sensitive to the scale effect.

(4) Nonlocal theory incorporates the scale effect of the bond length of CNTs and lattice parameters,
and as a result, it is possible to overcome the limitations in CT where the nonlocal effect is discarded.
(5) ANT can be considered as the most reliable method since it can eliminate the physical

contradiction found in PNT. ANT gives results closer to the experiments compared with PNT.
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