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ABSTRACT 
 

     Transmission line conductors are sensitive to wind loads as they typically have long 
spans and are very flexible compared to the supporting towers. The analysis of 
transmission line conductors is challenging due to the nonlinearity introduced by large 
displacements that are often much larger than the conductors’ diameter and of same order 
of magnitude compared to the initial sagging.  A powerful three-dimensional four-nodded 
cable element is extended in the current study to include the geometric nonlinear effects. 
After validating this nonlinear formulation, the element is used to model multi-span 
conductors of a real transmission line system. In this simulation, the support provided to 
the conductors through the towers and the insulators is modelled using a three-
dimensional spring system with stiffness dependent on the rotation experienced by the 
insulators. This numerical development is used to study the behaviour of the transmission 
line conductors under tornadoes. The study is confined to F2 tornadoes since the vast 
majority of tornadoes are equal to or less than this level. The tornado wind field is based 
on previously conducted and validated computation fluid dynamic analyses. The behaviour 
of the conductors under such a loading is described. The effect of boundary conditions 
and the importance of accounting for the flexibility of the insulators and the supporting are 
then assessed in the study. 
 
1. INTRODUCTION 
 
     Many Civil Engineering structures are supported by cables such as cable-stayed 
bridges, cable roofs, and suspension bridges. Guyed transmission towers are another 
examples of cable supported structures where the stability of the structures is provided 
through a pin support at the base and supporting guys attached to the top region of the 
towers. In addition, transmission line towers support the electrical conductors usually 
through cross-arms and insulators.  
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Cables are nonlinear structural elements as they are very flexible and can be subjected to 
large displacements that exceed significantly their cross-sectional dimensions. The 
behaviour of cables are affected by the magnitude of the initial prestressing forces that are 
necessary in order to remain stable under their own weights (Han and Lee 2003). The 
flexural stiffness of cable elements is usually neglected and those elements possess 
stiffness only in the axial direction. This axial stiffness depends on the initial prestressing 
force, the initial sagging and varies nonlinearly with the magnitude of the applied loads. 
The behaviour of cables becomes even more challenging when the cables have a curved 
shape similar to the case of electrical conductors (transmission wires) spanning between 
transmission towers.  

An approach for modelling curved conductors involves using straight linear three-
dimensional truss elements. However, this approach would require employing a large 
number of elements to simulate the curved shape of the conductors. Thus, curved 
elements are best suited to simulate curved cables with large sag and a catenary shape 
as stated by Desai, et al. (1988). Desai, et al. (1988) also concluded that a fine mesh of 
two-nodded curved elements might not be satisfactory to model cables even under uniform 
loading. Cables modeled by many standard two-nodded elements have convergence 
difficulties because displacements may be in the same order of the structure dimensions 
(Cook 2002). Felippa (1974) found that a parabolic three-nodded curved element would be 
too stiff axially and poorly approximates a catenary shape. Felippa (1974), Haase (1979), 
and Schrefler, et al. (1983) concluded that a very fine mesh of two-nodded elements is 
required for non-uniformly distributed loads.  

The objective of this study is to develop a numerical model that can simulate the 
behaviour of transmission line conductors under tornado loading. Since such a loading is 
expected to be highly non-uniform, the use of high-order element is preferred for such a 
case. A four-nodded three-dimensional curved cable element that uses a cubic shape 
function to interpolate both the displacements and the geometry was introduced by Koziey 
(1993). However the formulation of this powerful cable element was limited to the linear 
range of behaviour. After describing the element and its liner formulation as outlined by 
Koziey (1993), the task is taken in this study to extend its formulation by including the 
geometric nonlinear effect. A validation for this development is then carried out. Details 
related to the specific modelling of transmission line conductors are then presented. In 
particular, the study discusses the formulation of a nonlinear spring system simulating the 
rigidity of the transmission towers and the insulators that support the conductors. Using 
this development, a conductor system of a real transmission line is numerically simulated. 
The model is used to assess the performance of the conductor under F2 tornado 
simulated loads. The importance of accounting for the flexibility of the towers and the 
insulators is then quantified.  
 
2. CABLE ELEMENT FORMULATION  
 

2.1 Four-Nodded Cable Element and Linear Derivation  
 



 

 

     A sketch of the cable element introduced by Koziey (1993) is provided in Fig. 1. The 
element was used by Koziey (1993) to model steel reinforcement in concrete sections. The 
coordinate systems used in the element’s formulation are shown in Fig. 1, and are defined 
as follows:  

- Global Cartesian coordinate system xr, yr, and zr corresponding to global 
displacements ur, vr, and wr. 

- Curvilinear coordinate ζ tangent to the element.  
- Local dimensional coordinate ξ tangent to the element to define the local axial 

displacement dξ
r, the local strain εξ

r, and the local stress r

 . 

A curvilinear transformation based on the curvilinear coordinate ζ is used for geometric 
distortion of the element. The location of any point along the element in the global 
coordinate system is given as 
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Where the cubic interpolation functions r

iN  are given as 
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and r

ix , r

iy  , and r

iz  are the global coordinates of the ith node.  

The global displacement ur, vr, and wr are calculated using the nodal global 
displacement degrees of freedom ui

r, vi
r, and wi

r at each of the four nodes. A total of twelve 
degrees of freedom exists per element. The axial displacement dξ

r at any point along the 
element can be written in terms of the nodal degrees of freedom as  
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The direction cosines ( ) relate the local coordinate axis ξ to the global axes (xr, 

yr, zr) at any point along the element where axial displacement  is to be calculated. The 

direction cosines are computed as follows: 
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Fig. 1 Cable Element Coordinate and Systems and Nodal Degrees of Freedom 
 

The local axial strain  is given by 
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The local axial strain can also calculated as .  is the vector of nodal 

degrees of freedom and B-matrix , which is provided in Appendix I, is the strain-

displacement matrix. The B-matrix contains the derivatives of the shape functions  with 
respect to the local dimensional coordinate ξ. Differential dζ in the non-dimensional 
coordinate system is related to differential dξ in the dimensional coordinate system 
through  
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Using the chain rule, for derivatives of the shape function can be calculated as follows 
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     The axial stress can be calculated as follows 

=E?r r
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Where E is the elastic modulus. It should be noted that for cable elements, the axial strain 
is the most significant parameter and all other strains are neglected.  
The element stiffness matrix  is calculated as 
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and the load vector  due to the internal pretension stress  (due to sagging) is 

calculated as 
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     Both and  are integrated numerically using the Gaussian Quadrature method. 
Five integration points are used for the numerical integration. The element stiffness matrix 

and load vector  can be written in non-dimensional coordinate system dζ as follows  
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Where  is the cable element cross-section area.  
 

2.2 Geometric Nonlinear Formulation of Cable Element 
 

The derivation of the finite element formulation is conducted based on the total 
Lagrangian approach. Using the virtual work approach described by Bathe (1996) and El 
Damatty, et al. (1997), the finite element discretization expression, written in matrix form, 
at the kth iteration of load increment t is given by: 
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     Where nonlinear stiffness matrix   can be obtained as follow  
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     El Damatty (1997) developed an approach where the nonlinear B- Matrix can be 
evaluated using the linear B-Matrix and this leads to the following relation:  
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The stress stiffness matrix   , which contain the effect of tension stiffening and 

the initial pretension stress, can be obtained as follow  
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and the numerical integration can be applied through the following equation  
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Where the matrix 
12 12x

N    is provided in Appendix II.  

The unbalanced load vector    
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vector is calculated in each iteration using the following equation:  
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2.3 Steps of Nonlinear Analysis  

 
The following steps are followed to perform the nonlinear analysis:  

1- At the beginning of the analysis, the initial axial stress r

  is equated to the 

pretension stress in the cables associated with its own weight and initial sagging. 
2- The external Load is applied incrementally. At each increment (t), the external load 

vector  
t

R  is calculated.  

3- Iterations are applied within each load increment (t) until convergence is reached. 
For an iteration (k) of a load increment (t), the components of the stiffness matrix 
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 at the previous iteration are 

calculated using Eq. (19), (20), and (21), respectively. Gaussian Quadrature 
method is used with five integration points to perform the numerical integration. 

4- Eq. (18) is solved to obtain the incremental displacement  u , then the total 

displacement is updated. 
5- The incremental strain and stress are then evaluated using the following equations 
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6- The convergence criterion is checked. If the convergence criterion is satisfied, the 
analysis proceeds to step 2 with an updated load increment. If convergence is not 
satisfied, further iterations are conducted as described in step 3. 

     A force convergence criterion is applied by calculating the ratio between the unbalance 
force and the total load applied in the considered increment. A fraction of 0.001 of the total 
load is set as a convergence tolerance as recommended by Cook (2002). It was 
recommended by Cook (2002) to use force convergence criterion in such nonlinear 
hardening problems. 

 
3. FINITE ELEMENT MODELLING OF TRANSMISSION LINE’S CABLES  

 
 

 

Fig. 2 Finite-element Model for Transmission Line Systems 
 

Table 1 Physical Parameters Employed for Conductors and Ground-wires  
 

Transmission Line 

Conductor 

Name 
1843.2 MCM 72/7

Nelson ACSR

Wind Span m 480

Diameter mm 40.64

Weight N/m 28.97

Modulus of Elasticity N/m2 6.23x1010

Sag m 20

Parameters 

 
 

In the current study, the behaviour of a conductor of a generic guyed transmission line 
is assessed using the developed cable element. The purpose is to evaluate the reactions 
provided by the supporting towers under an F2 tornado wind load case. As shown in Fig. 2, 
the conductor has a span of 480 (m) with properties provided in Table 1. The numerical 
simulation of the conductor is provided in Fig. 2. Three conductor spans are simulated 



 

 

from each side of the tower of interest where the reactions are assessed. The three 
dimensional spring systems, shown in Fig. 2, represent the stiffness of the towers, which 
provide support to the conductor. This stiffness results from the combined rigidity of the 
towers and the attached insulators. Because of the large rotations experienced by the 
insulators during tornadoes, the spring system is expected to behave in a nonlinear 
manner. The derivation of this nonlinear spring system is provided below.    
 

3.1 Derivation of Spring System 
 

Fig. 3 shows an insulator attached to a cross arm and supporting a conductor. The 
objective of this sub-section is to derive the stiffness of a spring system simulating the 
stiffness at point “B”, where the conductor is attached. The derivation starts by evaluating 
the flexibility matrix at point “A” as follows: 
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Where, xxIF  and xzIf  are the transverse and vertical displacement of point “A”, 

respectively, due to unit transverse load applied at point “A”. 
yyIf  is the longitudinal 

displacement of point “A” due to unit longitudinal load applied at point “A”. Similarly, zxIf  

and zzIf  are the transverse and vertical displacements of point “A”, respectively, due to 

unit vertical load applied at point “A”.  
The insulators are considered to be rigid in the vertical direction and pin connected to 

the tower’s cross-arm and the conductors. They can be replaced by two perpendicular 
nonlinear springs KIY and KIX, in the Y and X direction, respectively. Y and X are the 
longitudinal and transverse directions, respectively. The linear expressions for the spring 
constants KIY and KIX are given by Desai, et al. (1995). These are modified in the current 
study to account for the variation of stiffness with the rotation angles of the insulator θL and 
θT. This leads to the following expressions for KIY and KIX:  
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Where, LI and WI are the length and weight of the insulators, respectively. L and Lx are 
the total and horizontal span lengths of the conductor at the adjacent towers, respectively. 
Py is the weight per unit length of the adjacent conductors, the rotation angles θl and θT 



 

 

are as shown in Fig. 3, and T is the horizontal component of the conductor pretension 
force.  

The flexibility matrix at point “B”, shown in Fig. 3, can be evaluated by adding the 
flexibility of the insulator as follows;  
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 The stiffness matrix at point “B” can be then evaluated by inverting the flexibility matrix 
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Fig. 3 Conductors’ Cross-arms and Insulators Configurations 
 

The rotation limits of the conductors in the longitudinal and the transverse direction are 
set to 90o; rotations at which the insulators become locked to the tower. Once this limit is 
reached in the longitudinal direction, the insulator stiffness KIY is assigned a value of 

A 

B 



 

 

infinity. Similarly, once the rotation limit is reached in the transverse direction, the insulator 
stiffness KIX is assigned a value of infinity. 

 
3.2 Cables Modelling  

 
The three-dimensional isoparametric cable element developed in Section 2 is used to 

model the considered transmission line conductor. Each cable span is divided into ten 
elements. The pretension force, T, is assumed to be constant over the entire length of the 
conductor and can be evaluated calculated using Eq. (22), in terms of the sag S, weight 
per unit length Py, and the horizontal wind span of the cable Lx.    
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4. TORNADO VELOCITY PROFILE AND LOADING  
 

 

Fig. 4  Horizontal Projection of F2 Tornado Located at Relative Distance R = 125 (m) and 
θ = 180o 

 
The conductors described above is analyzed under F2 tornado loading. The F2 tornado 

wind field is obtained based on the procedures developed by Hamada, et al. (2010) to 
estimate a velocity field for F2 tornadoes from the computational fluid dynamics (CFD) 
simulations conducted by Hangan and Kim (2008).  The analyses are conducted under the 
tornado configuration of R = 125 (m) and θ = 180o, where R is the distance between the 
tornado center to the tower of interest, and θ is the angle shown in Fig. 4. The profile of the 
transverse velocity along the six spans conductors is shown in Fig. 5. Similar profile for the 



 

 

vertical velocity component is shown in Fig. 6. The tornado loads acting on the conductors 
depends on the square of the velocity. Accordingly and in view of Fig. 5 andFig. 6, one can 
conclude that the tornado loads acting on the conductors are not uniform in both the 
transverse and vertical directions. Also, the loads acting on both sides of the tower of 
interest are unequal. This will result in difference in tension forces on the adjacent spans 
of this tower. An unbalanced load results from this difference in tension, which will be 
transferred as force acting along the longitudinal direction of the line.      
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Fig. 5 Transverse Velocity Profile – Conductors (R = 125 (m), and θ = 180o)  
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Fig. 6 Conductors Axial (Vertical) Velocity Profile (R = 125 (m), and θ = 180o) 

 
 



 

 

5. MODEL VALIDATION  
 

A validation for the developed in-house numerical model is conducted by comparing its 
results to those obtained using the commercial finite element program SAP 2000 (CSI. Inc. 
2010). Each span is modelled using thirty two-nodded cable element available in SAP 
2000. The Insulators are modelled using a three-dimensional truss element. The 
considered conductor is analyzed under the loading associated with the tornado 
configuration R = 125 (m) and θ = 180o, described above.  The profiles of the deformed 
shape of the conductor obtained from both the SAP 2000 and the in-house numerical code 
are provided in Fig. 7. The profiles projected in both vertical and horizontal plans are 
provided in this figure. The figure shows a very good agreement in terms of deformed 
shapes for both models. The conductor longitudinal, transverse, and vertical reactions are 
evaluated at the support simulating the intermediate tower from both the SAP and the in-
house numerical models, and are provided in Table 2. Again, the results obtained from the 
two sets of analyses indicate an excellent agreement, thus provide a validation for the 
developed numerical model.  

Table 2 In-house and SAP 2000 Conductor’s Reactions Comparison (F2 Tornado 

Configuration R= 125 and θ = 180o)  

 

SAP 2000

Flexible 

Tower + 

Insulators 

Rigid 

Tower + 

Insulators 

Flexible

Tower 

Only

Rigid 

Flexible 

Tower + 

Insulators 

Fx (N) Transverse 15,422 15,557 16,122 15,775 15,571

Fy (N) Longitudinal 6841 6067 25,113 45,876 6155

Fz (N) Vertical 24,855 25,337 25,335 25,664 25,217

In-house Numerical Code

Direction
Conductor's 

Reactions 
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Fig. 7  Cable Displacements in Elevation and Plan View using SAP 2000 and Current 

Numerical Code (F2 Tornado R= 125 and θ = 180o)  

 



 

 

6. EFFECT OF CONDUCTORS’ SUPPORTS ON THE FORCE TRANSMITTED TO 
TRANSMISSION TOWERS  
 
     Having validated the developed numerical model, the study proceeds by conducting a 
parametric study to assess the effect of flexibility of the conductors’ supports on the forces 
transmitted to the towers from the conductors due to F2 tornado.  The following four cases 
are considered in this parametric study: 

 
a) Case 1: the flexibility of both the towers and the insulators are included in the 

analyses. The springs’ stiffness resulting for both the supporting tower and the 
insulators is calculated and updated at each nonlinear step.    

b) Case 2: the insulators are assumed to be flexible while the towers are assumed to 
be rigid. This represents an assumption that the towers are much rigid compared to 
the insulators.    

c) Case 3: the insulators’ flexibility is neglected. The three-dimensional springs 
simulates only the stiffness of the towers.   

d) Case 4: the springs simulating the towers’ and insulators’ flexibility are replaced by 
hinged support. This case assumes that the tower and insulators are both rigid.  
 

The results shown in the table indicate that the four assumptions made regarding the 
supports’ rigidity do not affect the values of the reactions in both the transverse and 
vertical directions. Meanwhile, those assumptions affect significantly the values of the 
longitudinal reactions. As shown in Table 2, the case involving neglecting the flexibility of 
the insulators leads to an increase in the longitudinal reaction from a value of 6841 (N) to 
25,113 (N), i.e. about 3.50 times. The assumption of pin support increases the longitudinal 
reaction further to a value of 45,876 (N). Also the results indicate that neglecting the 
flexibility of the towers has a minor effect on the longitudinal reactions.  
 
7. CONCLUSIONS  
 

The formulation of a high order finite cable element is extended in the current paper to 
include the geometric nonlinear effect. The element has four nodes and, therefore, 
provides a cubic interpolation for both of geometry and displacements. Such a high order 
interpolation is quite beneficial in modelling curved cables such as electric conductors 
used in transmission line systems. The element is then used to model transmission line 
conductors under the combined effects of own weight, initial tension and forces associated 
with F2 tornadoes. In this simulation, the conductors’ support are modelled using three-
dimensional nonlinear springs representing the combined stiffness of the insulators and 
the towers. The formulation of these nonlinear springs are derived in this paper. This 
numerical development is used to assess the effect of boundary condition assumptions on 
the cable reactions, which in turn, are transferred to the transmission towers under an F2 
tornado. The results indicate that the boundary conditions have no effect on the transverse 
and vertical reactions while they affect significantly the longitudinal reactions. The results 



 

 

also show that it is very important to include the flexibility of the insulators and less 
important to include the flexibility of the towers when evaluating longitudinal reactions of 
the conductors.  
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