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ABSTRACT 
 

In this paper, the effect of embedded shape memory alloy (SMA) wires on the 
natural frequency, flutter, limit cycle oscillation (LCO) amplitude of a laminated 
composite panel are investigated. To predict the behavior of the smart laminated 
composite panel, the classical plate theory and the nonlinear von-Karman strain- 
displacement relation are employed. Also, one-dimensional Brinson SMA model is 
utilized to calculate the recovery stress of SMA wires in the case of restrained strain. 
The third order piston theory is employed to describe the nonlinear aerodynamic 
pressure induced by the supersonic airflow. Nonlinear governing equations of motion 
are derived via the Hamilton principle. The effects of various parameters, such as 
pre-strain, volume fraction and temperature of SMA wires, on the critical flutter dynamic 
pressure and the amplitude of the transverse vibration of the panel are analyzed in 
detail. 
 
1. INTRODUCTION 

Thin panels are a commonly and useful form of structure component with 
significant applications in flight vehicles, such as high-speed aircraft, rockets and 
spacecrafts. Panel flutter is a kind of self-excited oscillation of the airflow occurring at a 
critical velocity under the coupling action of elastic force, inertia force and aerodynamic 
pressure induced by the transonic, supersonic or hypersonic airflow. Flutter increases 
the amplitude of vibration dramatically which causes high aerodynamic stresses and 
failure of the structure. This flutter phenomenon was first observed on the V-2 rockets 
during World War Ⅱ, since then lots of studies have been carried out using different 
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structural and aerodynamic theories. A detailed and through survey of early studies was 
presented by Dowell (1966, 1970). For the obvious advantages such as the high 
strength/stiffness-to-weight ratio and low coefficient of thermal expansion, composite 
materials have been increasingly employed in the design of thin-panel structures. Mei et 
al. (1999) presented a recent review on the various analytical methods and 
experimental results of nonlinear panel flutter at supersonic and hypersonic speeds. 
Kouchakzadeh (2010) studied the problem of nonlinear aero-elasticity of a laminated 
composite plate in supersonic air flow. The classic plate theory along with the 
von-Karman nonlinear strains is used for structure modeling, and linear piston theory is 
used for aerodynamic modeling. Result shows the fiber orientation has significant effect 
on dynamic behavior of the plate. Zhao and Cao (2013) studied the aero-elastic flutter of 
a stiffened laminate composite panel subjected to nonlinear aerodynamic force. 
Numerical results indicated that the thickness, width and the position of the stiffener 
have significant effect on both the critical flutter dynamic pressure and the amplitude of 
the transverse vibration of the panel. 

In the last two decades, a number of reports on panel flutter suppressing by 
passive or active control using smart materials have been presented. Among the smart 
materials, shape memory alloy (SMA), which is most suitable for active control of 
composite structures, has been extensively studied. By heating SMA above the 
austenite finish temperature, it has the ability to recover large pre-strain completely. 
When the pre-strain is restrained, the SMA can generate large recovery stresses. 
Through embedding SMA in the form of wires within the laminated composites, the 
recovery stresses can modify equivalent stiffness of the structures. This could improve 
structure characteristics of composite panel such as vibration, thermal bulking, impact 
loading, flutter and acoustic etc. Park (2005) employed finite element method to 
investigate the effect of the SMA on the critical temperature, thermal post-buckling 
deflection, natural frequency and critical dynamic pressure of the SMA composite plate. 
The linear piston theory is used for modeling aerodynamic loads and the description of 
the thermo-mechanical behavior of SMA fibers is based on experimental data. 
Ostachowicz et al. (2000) investigated the linear problems for free vibration, thermal 
post buckling, and flutter with delaminations of the composite plate with SMA fibers 
using FE method and approximate data from the curves of SMA obtained from 
experimental. Barzegari (2012) studied the effect of embedded SMA wires on the 
natural frequency, aero-elastic stability margin of a rectangular cantilever wing. Asadi 
(2013) analyzed the large amplitude vibration and thermal post-buckling of hybrid 
laminated composite beams with embedded SMA fibers. It is found that the embedded 
SMA fibers in the composite beam increases the critical buckling temperature and 
decreases the post-buckling deflection. The recovery stress produced by the 
pre-strained SMA fibers through heating significantly increases the critical buckling 
temperature. 

In this paper, the effect of embedded SMA wires on the natural frequency, flutter, 
LCO amplitude of a laminated composite panel is investigated. The Nonlinear dynamic 
equations for the smart laminated composite panel is derived from the classical plate 
theory and the nonlinear von-Karman strain-displacement relation, in which the 
one-dimensional Brinson SMA model is utilized to calculate the recovery stress of SMA 
wires in the case of restrained strain. The third order piston theory is employed to 



 

describe the nonlinear aerodynamic pressure induced by the supersonic airflow. The 
Galerkin method is employed to truncate the system into a set of ordinary differential 
equations, which are then solved by the fourth-order Runge-Kutta method. The effects 
of various parameters, such as pre-strain, volume fraction, temperature and orientation 
of SMA wires, on the critical flutter dynamic pressure and the amplitude of the 
transverse vibration of the panel are discussed. 
 
2. Aerodynamic modeling 
 

Consider a composite panel embedded with SMA wires in Cartesian co-ordinate 
system with length a in the x direction, width b in the y direction and thickness h in the z 
direction as shown in Fig. 1. The panel composed of 4 layers is subjected to the 
supersonic flow in the positive x direction. The SMA wires are embedded in the second 
and third layer symmetrically. The original point of the fixed coordinate system o-xyz is 
located at the panel corner on the mid-plane. 
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Fig. 1. Schematic illustration of a lamina composite panel embedded with SMA wires 

 

2.1. Classical plate theory 
 

According to the classical plate theory, the transverse displacement of the panel, 
can be expressed as 
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where u , v  and w  are the displacements in the x, y and z directions, respectively. 
The subscript ‘0’ refers to the mid-plane displacement. Based on the von-Karman large 
deflection plate theory, the nonlinear strain–displacement relations for the panel can be 
expressed as 
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According to the Hooke’s law, the stress-strain relations of the nth layer of the 

laminate composite panel can be described as Eq. (3) when transformed to the 
laminated coordinate 
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where the subscript ‘n’ and ‘m’ indicates the layer number and the composite matrix, 
respectively. Also,  T ,   mQ  are the transform matrix and the transformed reduced 

stiffness matrix of the composite matrix, respectively. 
And for the kth layer of the laminate composite panel embedded with SMA wires, 

the stress-strain relations can be expressed as 
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where the subscripts ‘k’ and ‘s’ mean the layer number and SMA wire, respectively.  

   is in-plane stress vectors and   r  is the SMA recovery stress vectors at a given 

temperature T.   Q  and sV  are the transformed reduced stiffness matrix of the panel 

embedded with SMA wires and the volume fractions of the SMA wires, respectively.  

The elastic properties of the laminate composite panel embedded with SMA wires 

can be written as: 
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where parameters E , G , υ ,   and mV  are Young’s modulus, shear modulus, 

Poisson ratio, material density and volume fraction of composite matrix, respectively. 
 
2.2 Modeling the properties of SMA wires 

 



 

Based on the one-dimensional model of SMA proposed by Brinson (1993) and 

assuming all SMA wires are fully constrained, we can get the following expressions for 

the recovery stress of SMA wires 
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The phase transformation coefficient ( )  and the elastic modulus ( )sE   have 

the following expressions 
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The Austenite start temperature sA  and finish temperature fA  under stress can 

be expressed respectively as have the following expressions 
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where   denotes the Martensite fraction; ( )sE   denotes the elastic modulus of SMA, 

  represents the thermal elastic modulus, T  represents temperature of SMA wires 

and 0T  is the reference temperature, the subscript ‘0’ denotes initial conditions, sA  

and fA  denote the start and finish temperatures of Austenite under stress, s  is the 

Martensite fraction induced by the stress. The first expression in Eq. (16) is used for 

SMA in the initial Martensite state, the second one is used for SMA in the phase 

transformation state from Martensite to Austenite and the third one is used for SMA in 

100% Austenite state. The reverse transformation from Martensite to Austenite can be 

expressed as 
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where sM , fM , SA  and fA  denote the Martensite start, Martensite finish, Austenite 

start and Austenite finish temperatures respectively, T  denotes the Martensite fraction 

induced by temperature, Mc  and Ac  are phase transformation constants. 
 
2.3 Modeling the effect of aerodynamic pressure 
 

Based on the third order piston theory, the aerodynamic pressure, p , can be 
described as 
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where 2 2aq v   is the dynamic pressure, a  is the air density, v  is the relative 

free air stream velocity, M  is the Mach number, and   is the ratio of specific heats of 

the free air stream. The superscript ‘  ’ denotes the derivative with respect to time. 
 

2.4 Equations of motion 

 

The dynamic governing equations of motion for laminated composite panel 

embedded with SMA wires are obtained using the Hamilton principle as follows: 
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where the virtual kinetic energy T , virtual strains energy U  and virtual work done 

by aerodynamic pressure W  are given by 
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where   is the panel density. 

Substituting Eqs. (1)–(6) into Eq. (13), and setting the coefficients of each of the 

virtual displacements, u ,  v , and w  to zero yield 
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where the force resultants operator, klN  and , ,klM k l x y , and the mass moments of 

inertias iI  (i=0, 2) are defined as: 
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In the present study, all four edges of the panel are assumed simply supported. 

Thus, the boundary conditions here are 
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In order to truncate the coupled partial differential governing equations into a set of 

ordinary differential equations, the assumed mode shapes which satisfy the boundary 

conditions are assumed to be 

 

0
1 1

0
1 1

0
1 1

( , , ) ( ) ( , ),

( , , ) ( ) ( , ), ,

( , , ) ( ) ( , ).

l m

ij ij
i j

l m

ij ij
i j

l m

ij ij
i j

u x y t a t x y

v x y t b t x y

w x y t c t x y

 

 

 


  


  



  


 

 

 

                    (17) 

 



 

In which  
 

( , ) sin( )sin( )
 

 ij

i x j y
x y

a b
                       (18) 

 

The well-known numerical results obtained by (Dowell 1967) indicates that at least 

four to six modes should be employed for quantitative accuracy in the studying of the 

panel flutter. Hereafter four stream wise modes are reserved in the following simulation 

and only one span wise mode is retained. Thus, 4, 1 l m , and the mode number j  is 

dropped. 

Substituting Eq. (17) into Eq. (14) and then integrating over the panel area, the 

differential governing equations of the panel can be truncated into a set of ordinary 

governing equations as 
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then, Eq. (13) can be written in the following form: 
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where, A is the Jacobian matrix at the equilibrium point 0y , and ( )g y  respects the 

nonlinear vectors, which can be deduced from Eq. (19). 
 
3 RESULTS AND DISCUSSION 



 

 

In the present study, the lay-up schedule of the panel is assumed to be [90/0/0/90] 

with total thickness of 0.001m, length of 0.5m and width of 0.25m. Square SMA wires of 

nitinol have been embedded in the second and third layer. Typical maximum of the 

transverse vibration amplitude of the panel is plotted at the point, x 0.75a  

and y 0.5b . The material properties of the composite lamina and SMA are given as:  
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According to the nonlinear theory, the motion of the system will turn from stable to 

unstable when the dynamic pressure   reaches the critical flutter dynamic pressure 

cr . The amplitude of the panel will increase with time and finally converge at a limit 

cycle if cr   due to the existence of the geometrical and aerodynamic nonlinearities. 

On the contrary, the amplitude of the panel will decrease with time if cr  . The 

general solution of Eq.(15) can be expressed as  
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where 0y  and   are the initial value and the eigenvalues of A. The natural 

frequencies of the panel can be express as  
 

2
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When the real part of any one of eigenvalues becomes positive, the entire system 

becomes unstable and flutter happens. The critical flutter dynamic pressure can be 

figured out by inspecting the maximal real part of eigenvalues.   can be defined as 
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Fig.2 Comparison of flutter dynamic pressure for panel without SMA wires and panel 

embedded with SMA wires 

 

Fig. 2 shows stability margins for both the panel without SMA wires and the panel 

embedded with SMA wires. The temperature, pre-strain and volume fractions of the 

SMA wires are 50℃, 0.01 and 1%, respectively. According to this figure, the critical 

flutter dynamic pressure for the panel without SMA wires is 209.12. The critical flutter 

dynamic pressure is increased when the temperature of the SMA wires is higher than 

the Austenite finish temperature. The numerical results show that the critical flutter 

dynamic pressure is enhanced from 209.12 to 240.37 after the recovery stresses are 

generated. Fig. 3-5 present the time history and phase plane diagrams of the panel 

without SMA wires for 205 cr    and 215 cr    respectively. It is noted that 

before the critical flutter dynamic pressure for cr  , transverse vibration of the 

supersonic panel reduces with time increasing. On the contrary, as shown in Figs. 4, the 

transverse vibration converges at a limit cycle for cr  .  
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Fig.3. Time history for 215   
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   Fig.4. Time history for 220                Fig.5 Phase plot for 220   
 

The curves of frequencies   versus   for the panel without SMA wires and the 

panel embedded with SMA wires are shown in Fig. 6-7 respectively. It can be found in 

Fig. 6 that the first and the second order of the natural frequencies drift towards to each 

other and finally equal to each other as the dynamic pressure increases. The dynamic 

pressure 3 196.32  , at which 1  and 2  begin to overlap, is smaller than the 

dynamic pressure 1 209.12  , at which   intersects the real axis. That is because 

the aerodynamic damping can dissipate part of the energy generated from the 

aerodynamic pressure, which stabilizes the panel at the beginning of the flutter. Thus 

the panel would not diverge immediately when the first and the second frequencies 

begin to overlap. 
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Fig.6 Frequencies of panel without SMA wires 
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Fig.7. Frequencies of panel embedded with SMA wires 

 

For the variety of the natural frequencies, the panel embedded with SMA wires 

has the same trend as the panel without SMA wires, however, all the four natural 

frequencies are enhanced due to the recovery stresses caused by the SMA wires as 

shown in Fig. 7.  
 
Table 1  
The critical flutter dynamic pressure for different values of pre-strain and temperature of 
SMA wires 

  a/b=1 a/b=1.5 a/b=2 

Without SMA wires 155.85 200.67 263.33 

T=50℃ l =0.01 229.37 276.86 341.49 

 l =0.03 237.61 285.19 349.88 

 l =0.05 245.74 293.61 358.42 

 l =0.067 252.86 300.73 365.65 

l =0.01 T=52℃ 231.58 279.10 343.77 

 T=67℃ 248.22 296.12 360.86 

 T=80℃ 262.49 310.84 376.91 

 T=95℃ 279.70 328.13 393.24 

 

The heated SMA wires can generate recovery stresses and bring about additional 

mass on the panel, which will avoidably change the nature frequencies of the panel and 

then the dynamic response of the panel will be changed. The analysis is performed for 

SMA volume fraction 1%. Table 1 illustrates the critical flutter dynamic pressure of the 

panel with various pre-strain and temperature of SMA Wires for a/b ratios 1, 1.5 and 2, 

respectively. As it can be seen, the critical flutter dynamic pressure increases with 



 

increasing the a/b ratio. Also, increasing the pre-strain and temperature of SMA wires 

increases the critical flutter dynamic pressure. For instance, for a constant volume 

fraction (1%) and a/b=1, increasing the pre-strain of SMA wires from 0.03 to 0.067, 

leads to increase of the critical flutter dynamic pressure about 6.5%. 

Table 2 lists the critical flutter dynamic pressure with and without SMA wires. The 

rates of increase for the critical flutter dynamic pressure compared with the result of the 

panel without SMA wires are also summarized. The analysis is performed for SMA 

temperature 50 .℃  The critical flutter dynamic pressure increases with the increasing of 

volume fraction of SMA wires as listed in Table 2. Also, increasing the pre-strain of SMA 

wires leads to the increase of the critical flutter dynamic pressure. For instance, for a 

constant volume fraction (1%), increasing the pre-strain of SMA wires from 0 to 0.05, 

leads to drastic increase of the critical flutter dynamic pressure about 46.37%. 

 
Table 2  
The critical flutter dynamic pressure for different values of pre-strain and Volume fraction 
of SMA wires 

Volume fraction 
of SMA wire(%)

Pre-strain of 
SMA wire 

critical flutter 
dynamic pressure 

Rate of increase(%)

Without SMA 0 200.67 0 

1 0.03 285.19 42.12 
1 0.05 293.61 46.31 
1 0.067 300.73 49.86 
2 0.03 373.36 86.06 
2 0.05 390.12 94.41 
2 0.067 404.70 101.67 
3 0.03 462.48 130.47 
3 0.05 487.62 143.00 
3 0.067 509.51 153.90 

 

It is observed as shown in Fig.8 that the higher the values of volume fraction are, 

the higher the critical flutter dynamic pressure is. Fig. 9 shows the limit cycle amplitude 

versus dynamic pressure parameter for various volume fraction of SMA wires. This 

figure shows that use of SMA wires decreases the amplitude of limit cycle. The results 

clearly indicate that the large recovery stress introduced by the SMA wires results in a 

more stiffened panel for a wide range of dynamic pressure and thus a higher critical 

flutter dynamic pressure. 
 



 

1111111111111
1
1111111111111111111111111111111111111

222222222222222222222
2
2

2222222222222222222222222222

333333333333333333333333333333
3

3
3333333333333333333

444444444444444444444444444444444444444

4
4

4444444444

1.Vs=0.01
2.Vs=0.02
3.Vs=0.03
4.Vs=0.04

200 250 300 350 400
　50

0

50

100

150

　

　

 

Fig. 8. Effect of volume fraction of SMA wires on stability boundaries of the panel 
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Fig. 9. Transverse amplitudes of limit cycle of nonlinear aero-elastic panel for various 
volume fractions of SMA wires. 

 
 

4. CONCLUSIONS 
 

The aero-elastic flutter of a laminate composite panel embedded with SMA wires 
subjected to nonlinear aerodynamic force has been studied in the present study. The 
von-Karman large deflection plate theory, the third order piston theory and the 
one-dimensional Brinson SMA model have been employed to establish the governing 
equation of the panel embedded with SMA wires. Based on the Galerkin method and the 
assumed mode method, the partial differential governing equations has been truncated 
into a set of ordinary differential governing equations. The fourth-order Runge–Kutta 



 

method has been used for the numerical analysis. The numerical results show that the 
higher the temperature, the volume fraction and the pre-strain of the SMA wires are, the 
stiffer the panel is. Therefore, the critical flutter dynamic pressure of the panel 
embedded with SMA wires is greatly increased and the amplitude of limit cycle is greatly 
reduced for the given dynamic pressure. 
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