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ABSTRACT

The free vibration analysis of cross-ply laminated composite shells subjected to a
combined electromagnetic-thermal field and its control via collocated piezoelectric
sensor and actuator layers are investigated in the paper. Coupled equations of
motion for the analysis are obtained from electro-magnetic equations (Ohm’s law
and Lorentz equations) and piezoelectric direct/converse equations and thermal
effect which are involved in constitutive equations. The variations in the free
vibration and stability characteristics of composite shells with the applied magnetic
field, feedback control via collocated piezoelectric patches, and geometric
parameters are investigated, and pertinent conclusions are drawn.

1. INTRODUCTION

Piezoelectric control of multi-functional of laminated composite structures via
collocated piezoelectric sensor and actuator layers is studied in the paper. The
multi-functional structures subjected to interactive elastic, thermal, magnetic and
electric fields is likely to bring a new dimension to the design of smart structures. The
multi-functional structures may find their applications in the fields of the aerospace
industry, nuclear power plants, magnetic suspension systems, and electromechanical
devices such as micro-actuators. A better understanding of their static and dynamic
behavior when subjected to fully interactive actions is necessary. Multiple properties of
materials/structures are exploited in such a way that besides its major structural
function, the same structural component may accomplish at least one more task.

The dynamic behavior of a system subjected to a combined electromagnetic-thermal
field constitutes one of the most interesting fields of study for researchers (Kim et al.,
2011; Moon, 1984). The coupling between electromagnetic-thermal-elasticity for
different stacking sequences of laminated composite structures should be considered in
the design of such structures and systems. Qin and Hasanyan (2011) and Qin (2010)
carried out pioneering research work on the nonlinear responses and stability of
isotropic/composite cylindrical shells. Tsai and Wu (2008) performed a free vibration analysis of
a functionally graded magnetic-electric-elastic shell with an open-circuit surface condition. Yoon
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(2010) performed the topology optimization that considered the electro-fluid-thermal-compliant
couplings for a micro-actuator.

2. EQUATIONS OF MOTION

2.1 Displacement field

Fig. 1 shows the geometry and curvilinear coordinate system (x,0,z) of a cross-ply
laminated composite cylindrical shell. The shell is subjected to both a magnetic field
in the axial direction and temperature variation beyond its stress-free state.
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L

Fig. 1 Geometry of laminated composite shells

The displacement field of a thin shell based on the FSDT is given by (Soedel, 2004)

U;(%,6,z,t) = u,(x,6,t) + zB,(x,6,t) (1a)
U,(%,60,2,t) = uy(x,0,t) + zB,(x,6,t) (1b)
U3(x,60,z,t) = ug (1o

where u,, u,, u; are 2D kinematic variables in x, 6, z directions, respectively.
B, and B, represent the rotation about 6 and x axis, respectively.

2.2 Electromagnetic field equations
The electromagnetic equations are derived from the generalized Maxwell equations as [2]:

Ohm’s law J=G(E+VxB) (2a)
Lorentz force f=)JxB (2b)

where E denotes the electric field vector, Jis the current density vector, B is the magnetic
induction intensity vector, and f is the Lorentz force vector per unit volume. Matrix G represents
the electric conductivity matrix of a composite shell.
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2.3 Sensor equation and actuator equation
(1) Sensor equation

Piezoelectric material can be used as a sensor element utilizing its direct effect which
produces electric displacement vector D; proportional to strains and applied electric field
strength E; as follows:

{SXX\
DX 0 0 0 €24 0 €00
{])e} = |: 0 0 624 0 0] { Yoz }
Dz €31 €31 00 Vxz

kae}

Where e;;=piezoelectric constant, ; = dielectric constant.

€11 O 0 1(Ex
0 eq OHEe} 3)

0 0 esllE

Electric displacement, when no electric field is applied, is reduced for a shell to Eq. (4) below.
D, = e318xx + 31899 4)

Integration of the electric displacement over the surface area of piezoelectric sensor patch
yields the electric charge equation as follow

res;L rze31
p = [ Dy dAs = ress2muy (1) + res, 2nf (1) + - uy2m) + B, m) (5)
A
The sensor voltage output produced from the sensor patch is given by
qp() _ hpqp (D)
V(0 =g, "= 5 = Gl () + GG Ba(L) + €L, (20 + G, B (2 (6)

Where Ay, h, 5nq &, are the surface area, thickness, and dielectric constant of the

piezoelectric sensor, respectively. cf, c;,ch, ci are coefficients containing the
information for the location and shape of piezoelectric sensor patches.

The control voltages supplied to the piezoelectric actuator patch in the proportional
control scheme are as follows

Vi () = =KpCyuy (1) (7a)
Via () = —KpCf, u, (8) (7b)
Vg1(t) = _KPCEI B1 () (70)
V(I;z(t) = _KPC[I;Z B2 (t) (7d)

The control electric field is obtained as

Pha (1) = T0=KeC ) (8a)
¢u2<t)=%“) K"C“z U, (6) (8b)
o0 = B0 K;jf‘“ BL(0) (89
O (1) = V‘““) g, 0) (80)
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(2) Actuator equation
Control forces and momenta produced by piezoelectric actuator patches are expressed as

Np = Tkt fzzkk+1[e31](k) [$]® dz = e3¢ (9a)
My= S [ leaO[I0 2 dz = egyzm (9b)

where z, is the distance from the neutral surface of the shell to the center of the
piezoelectric sensor patch.

ARG KpCP
NP, = e300, () = e3;——— = —eyy 2y, (b) (10a)
hp hp
VP (©) KpCP
Ni, = e3100, (D) = €31 uﬁ = "€ 22U, (b) (10b)
P P
Ve, (© KpCE
Mg1 = e31¢1§1(t)2m = €31 : iy = —931—Blzm31(t) (100)
hp hp
p (t) K P
2 P
MBPZ = 831¢1§z(t)zm = e31Bh—PZm = —€3y Tﬁzzmﬁz(t) (10d)

Fig. 2 Piezoelectric load and moment

Control force and moment vector appeared in Egs. (10) can be expressed in a matrix

form as follows

_P 0 -

W 0o o]/
2 t
3 0 0 0 q2(t)

° by || 43(® | = —Kp[Fplq(t (11)
0 0 0 CBl 0 q4(t)
0

0 0 0 Cgy] \as(®

[Flu(t)=—Kp

Where ¢t = - (%). i = - () ot = (%) G = 2 (5)

8o\ L £, \2nR e\ L T im
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2.4 Equations of motion and boundary conditions

The equations of motion and the boundary conditions for a simply supported cross-ply
laminated composite cylindrical shell are derived via Hamilton’s variation principle (Reddy,
2004). It is assumed that the magnetic field is applied in the axial direction and the temperature
gradient exists beyond the stress-free state. Assuming that the collocated piezoelectric sensor
and actuator patches are distributed over the entire span of the shell, it becomes apparent that
the piezoelectrically induced force and moment are independent on the axial coordinate, and as
a result, control force or moment are intervened only in the boundary conditions as a
nonhomogeneous term (see Egs. 15 and 16).

Hamilton’s principle:
ty

§§=8| [T—U+W,]dt=0 (12)

to
@t=tyt=1ty: 6u; =0, (Sﬁ{ =0(i=1237(=12)

(1) Equations of motion:

AqqUg11 T Ag (% Upqp T %%,1) + Ags (% Up 1z T %umz)
—my iy +f fida; =0 (13a)
as
Age (uz 11 T lu1 12) + Ay, lul 12 T4z (iuz 22 T i7«l3 2)
’ R ~ R R2 % R2 3
—my i, +J frdaz; =0 (13b)
as

1 1 1
ASS(ﬁl,l + u3,11) + Ay (ﬁﬁz,z + ﬁuazz) - EA1ZU1,1

1 1 2 1
—Ajy; (ﬁuz,z + ﬁu_%) - A%@us,n - EA?2®U3,12 - ﬁAgzeus,zz

—m1ﬁ3 +f f3dO£3 = O (13C)
o3
1 1 1

D11B111 + D1z ﬁﬁz,u + Dee (ﬁ P12z + Eﬁz,lz) — Ass(By +uzq)

—msf; + fa3 frazdaz =0 (13d)
1 1 1 1

Deg (ﬁz,n + Eﬁmz) + D1, Eﬂmz + Dy, Fﬁz,zz — Ayy (ﬂz + Eu&z)

—msf, +_[ fzazdaz =0 (13e)

as

where the Lorentz forces and momenta per unit area are as follows:
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h/2
f1a3 = 0 (140,)
—h/2
h/2
f2daz = —hMy[g33] u2(381)2 = —h9_33712(381)2 (14b)
—n/2
ns
fzdas = _hMo[gzz]u3(381)2 = —hg22u3(381)2 (14¢)
—-h/2
s
.f 0l3f1dx3 = 0 (14d)
—-h/2
h/2 ‘ ‘
| s oy = Mgl (5" = ~CLf (B (14e)
—n/2

(2) Boundary conditions:
atx=0,L:

1 1 .
AUy 1 + Agp (Euz,z + Eu?’) = N1,

u2:0, u31:0, BZZO

D11B11 + D1z ﬁﬁz,z = MEL (15)
atd =0,2m:

u1=0, u3=0, B]_:O

1

1 1
Agp Rl + Az (ﬁ Uz T ﬁ%) = Ni,

1 1 b
Dy> Eﬁl,l + Dy, ﬁﬁz,z = Mg,. (16)
(3) Discretized equations of motion:

The governing equations are discretized through the extended Galerkin method. The
following trial functions are chosen to satisfy boundary conditions as many as possible.

1wy (x,6,0) = %m% cos a,, x sin B, 60+ q(£) (17a)
Uy (%, 0, 1) = %%1 sin a,, x cos B, 0 - q(¢) (17b)
us(x,6,6) = %"; sina,, x sin B, 0 - q(t) (17¢)
B.(x,0,t) = nZl n; cos a,, xsin B, 6+ q(¢) 17d)
By(x,6,t) = i i SNty x C0S B 6 - () (17¢)

1

S
I
-
3
I

mmn
where a,, = — B =1
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Substitution of Egs. (17) into the equations of motion in conjunction with the boundary
conditions yields the following discretized equations of motion:

[M]g(®) + [C]q(®) + [K']q(t) =0 (18)
Where, [K'] = [K] - Kp[Fy]

The above equations of motion are transformed into a state equation as follows:

M]*x(t) + [K]**x(t) = 0 (19)

Where, [M]* = [1;1 _%*]'[K]** - [;g If)* x= {g}

Eqg. (19) is transformed into an eigenvalue problem as:
AIM]*x + [K]**x =0 (20)

where A denotes complex eigenvalues, A, = g, * iwg,, Where g, is the modal damping ratio
and wy, is the r-th damped natural frequency. x is a state vector which contains modal vectors.

3. NUMERICAL RESULTS AND DISCUSSION

Table.1 shows a comparison of the natural frequencies obtained from present analysis
with those in Reference (Reddy and Liu, 1985) for a stacking sequence of
[0° 90° 90" 0°] to validate the extended Galerkin method used in the present analysis.

Fig. 2 shows the variations in the 1st frequency and the first damping ratio with
magnetic field intensity BY; for two R/L ratios. As the magnetic field intensity B, increases,
the natural frequency decreases because the applied magnetic field increases the damping,
as can be seen in Fig. (2b). The natural frequencies for the case of R = 10L are lower than
for the case of R = 5L. This fact reveals that the larger the radius of the shell is, the lower the
natural frequencies are, assuming the length of the shell is fixed.

Fig. 3 shows the variation in the 1st frequency with the temperature gradient for three
different values of the magnetic field; the variation is observed to be almost linear. As
the magnetic field or temperature gradient increases, the natural frequencies
monotonically decrease because the temperature gradient affects the stiffness matrix[K],
whereas the magnetic field produces a damping matrix[C] .

Fig. 4 shows the variation in the 1st frequency with the magnetic field intensity for
three different temperature gradients. It also indicates that the temperature gradient
changes the value of the magnetic field which makes natural frequency to zero valued gquantity.
Compared with a positive gradient, a negative temperature gradient requires a larger magnetic
field to derive the natural frequency to zero.

Fig. 5 reveals the effect of the stacking sequence on the variation in the 1st
frequency with the magnetic field. The stiffness quantities of the structure are greatly
affected by the stacking sequences and the fiber angles. It is seen that due to the
larger bending stiffness for the stacking sequence [90790°] compared to those for the
sequence [0" 0']s, the frequency for [907907] is higher than that for [0° 0']s. However,
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there is no notable difference in the magnetic field which makes the frequency to zero
valued quantity.

Fig. 6 shows the variation in the fundamental frequency with proportional control gain
for three different cases of R/h=50, 100, 200. It is observed that for smaller R/h ratios
(i.e. larger h), the increase of the control gain plays a stronger role in increasing the
frequencies. It means that piezoelectric actuation becomes more efficient for smaller
R/h ratios. In all three cases, natural frequencies tended to increase with the increase
of control gain.

Fig. 7 reveals the variation in the fundamental frequency with proportional control
gain for three different stacking sequences[90°90°90°],[0°90°90°];,and [0°0°0'],. The natural
frequency for the stacking sequence [90°90°90°], is higher than those for [0°0°0°], since the
stiffness for fiber angle 90" is higher than that for fiber angle o°. Stacking sequence does
affect the sensitivity of control gain little to the frequency change.

Table 1 Comparison of the natural frequencies with those in Ref. 9
(Reddy, 1985) for a stacking sequence [0° 90° 90° 0]

Present Ref.[9], Reddy Difference (%)
Case 1 (R =51L)
0.39%
202803 | 20.361
Case 2(R = 10L
ase 2( 0L) 0.4%
16.701 | 16.634
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Fig. 2 Variation in the fundamental natural frequency and the first damping ratio with B,
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4. CONCLUSION

The free vibration and its piezoelectric control of cross-ply laminated composite
shells subjected to a combined electromagnetic-thermal field are investigated in
the paper. Laminated composite cylindrical shell with collocated and embedded
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piezoelectric sensor and actuators is mathematically modeled and analyzed. In order to
secure the reliability of analysis results, the effect of transverse shear and rotary inertia
are considered. Extended Galerkin method is adopted to obtain the discretized equations
of motion. Variations of dynamic characteristics of composite shells with applied magnetic
field, radius ratio, proportional control feedback gain, and stacking sequence are
investigated.
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