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ABSTRACT

Nonlinear analysis has become an indispensable means for structural
performance evaluation, but is still an expensive process especially for large and
complex structures. Although the computer technology has largely improve the
performance of nonlinear analysis, more efficient and accurate methods still attract the
attention of the researchers. This paper proposes the Inexact Newton Woodbury (INW)
method for efficient nonlinear analysis, which comprehensively considers the efficiency
of the linear equations and iterative computation. For the linear equations, the improved
Woodbury method is presented, where the approximation method is combined with the
Woodbury formula to improve the efficiency of the linear equations. For iterative
computation, the inexact Newton condition with a new proposed forcing term applicable
for the INW method is employed to make it with superlinear convergence rate. Finally,
the time complexity analysis and numerical simulation are conducted to validate the
accuracy and efficiency of the INW method. The results demonstrate that the INW
method has higher efficiency under comparable accuracy with the Woodbury nonlinear
method so that it has significantly potential for large part of nonlinearity problems.
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1. INTRODUCTION

Nonlinear problem is ubiquitous in various engineering fields, and nonlinear
analysis is an effective means to simulate the response of structures under different
kinds of loads, which is conducive to help researchers grasp the mechanical properties
of the structures and judge the safety of the structural or nonstructural components
especially under the extreme loads that may lead to damage or even failure. Therefore,
nonlinear analysis has become an indispensable part of the structural performance
evaluation.

The finite-element method (FEM) (Bathe 2000), which has powerful capacity to
conduct the simulation of the nonlinear problems, is the most widely-used nonlinear
analysis method. The FEM employs the step-by-step incremental approach to solve the
governing equations and the iteration computation is generally inevitable. Therefore, the
decomposition of the global stiffness matrix in each linear iteration step to obtain the
incremental structural displacement response consumes most of the computational cost,
making the traditional FEM very time-consuming and impeding its practical application.
Main studies on highly improving the efficiency of the nonlinear analysis concentrate on
the optimization of the iteration procedure and the acceleration of the linear equations
solution in each iteration step, which are two important factors of the efficiency of
nonlinear analysis.

In terms of the iteration procedure, some optimization methods are proposed by
combining the existing efficient mathematical methods with computational
characteristics of different nonlinear problems to improve the efficiency. For example,
Kim and Yong (2001) presented a predictor-corrector method fit for both monotonous
and complicated deformation path by combining with the neural network, significantly
saving the computational cost and yielding stable results. In terms of accelerating the
solution of the linear equations, most studies are devoted to decreasing the scale of the
problems. For example, the adaptive FEM (Barros et al. 2004) and numerical
substructure method (Sun et al. 2017). Moreover, the Woodbury nonlinear method
representing a kind of methods which uses the Woodbury formula to obtain the
incremental displacement response during the nonlinear analysis, is also efficient for
local nonlinear problems. The Woodbury formula (Akgin et al. 2002) is an efficient
mathematical method to solve the inverse of a matrix with only a few elements changed
by utilizing the inverse of the original matrix instead of conducting the complete inverse
computation. With such good characteristics, the Woodbury formula has already been
employed as an efficient method in many research fields, such as structural reanalysis,
sensitivity analysis and nonlinear analysis (Akgun et al. 2002; Deng and Ghosn 2001).
Research shows that the Woodbury nonlinear method inherits the characteristic of the
Woodbury formula (Akgun et al. 2002; Li et al. 2018), whose application scope is
confined to the nonlinear problems within very small regions. To address this problem,
many methods have been proposed to improve the efficiency of the problems with large
part of nonlinearity. For example, the combined approximation (CA) approach (Kirsch
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2000; Kirsch et al. 2006), which employs the approximate method instead of exact
method to solve the linear systems of equations, has been applied in nonlinear static or
dynamic analysis (Kirsch and Bogomolni 2007). The CA approach can enhance the
efficiency of obtaining the incremental response in each iteration step, whereas the
elimination of error induced by the approximate solution can also decrease the
convergence rate of the iterative computation which is also an important influence factor
to the efficiency of nonlinear analysis. Therefore, if the error cannot be effectively
controlled, the overall nonlinear efficiency can also be decreased. At present, the
efficiency of the approximate methods has been only quantitatively evaluated in terms of
the solution of the linear equations in each iteration step, but the influence of the
approximate solution on nonlinear iterative efficiency is rarely considered.

To improve the efficiency of problems with large part of nonlinearity, this paper
proposes an Inexact Newton Woodbury (INW) method which considers both two
important aspects of the efficiency of nonlinear analysis. In each iteration step, the
improved Woodbury method that combines the exact and approximate method is
presented to solve the system of linear equations. Meanwhile, the theory of inexact
Newton (IN) method is introduced to ensure the convergence rate of the iterative
computation, in which a forcing term selection is properly raised to make the INW
method with superlinear convergence rate. Furthermore, the quantitative evaluation of
efficiency is conducted by time complexity analysis, where the time complexity models
of the proposed INW method and traditional FEM are established and compared from
the aspects of linear equations solution and nonlinear iterative calculation, so the
application scope of the INW method is quantitatively obtained. Finally, the simulation
example is conducted to give comprehensive demonstration of the efficiency and
accuracy of the INW method.

2. WOODBURY NONLINEAR METHOD

2.1 Woodbury formula

In mathematics, the Woodbury formula is an efficient method to obtain the inverse
of a matrix with low-rank modification (Hager 1989). The modified matrix K: with
dimensions of nXn can be written as the sum of initial matrix and changed matrix K=
Ke+ AK, in which AK can be expressed as AK=WVT (W and V are matrices with
dimensions of nXp) and its dimension is related with the scale of the modification. Then,
the inverse of K can be acquired by the Woodbury formula, which is expressed as
follows:

UherMA = K W VS O K W

nxn nxn MXP XN nxn

The only matrix needs to be inversed is I+V'K_'W since the inverse of initial
matrix K:' is already known. When the Woodbury formula is utilized to solve the linear

system of equations whose coefficient matrix is with low-rank modification of initial
matrix, i.e.(K, +WVT)x =b, the solution can be obtained by multiplying the Eq.(1) by b.
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The procedure is shown in Fig.1, illustrating that the Woodbury formula is devoted to
efficiently updating the solution of equations instead of directly seeking the inversion.

As displayed in Fig.1, the main computations are concentrated on the solution of
p X p system of equations (Step (5)) and the back-substitution of the initial system (nxn)
with p right-hand sides (Step (3)) since the initial matrix Ke has been factorized. When
the rank of modification p is much lower than n (p<«n), the most intensive computation of
the Woodbury formula is the back-substitution of the initial system of equations (nXn),
which is more efficient than the typically direct factorization method whose main
computational cost is the factorization of the coefficient matrix (nxn). The computational
cost of the traditional direct factorization method and Woodbury formula for local
modification problems are shown as Table. 1. The efficiency increase ratio is associated
with the property of the initial coefficient matrix. However, the efficiency advantage of the
Woodbury formula dissipates as the rank of modification p increases. The main
computation cost of the Woodbury formula transfers to the solution of the pXp system of
equations (Step (5)) for high-rank modification problems, whose computational cost is
O(p?). The Woodbury formula is no longer effective for high-rank modification problems
since its computational cost can be higher than the direct factorization method.

x=K,/b-K,'WI+V'K,'W)'V'K_'b

Sl e l® I
X, z K x, =K

1
. b

W

=R,
AT

Fig.1 Solution procedure of the Woodbury formula
Note: X1, X2, ¥, z and u are the middle variables of solution procedure.

Table. 1 Computational cost of the Woodbury formula and the direct factorization
method for local modification problems

Computational cost
Method Main computation Full Band
matrix matrix

Back-substitution

Woodbury formula . O(n?) O(mn)
operation
Direct factorization Factorization 3 O(m?n
. O(n%)
method operation )

Note: m is the bandwidth of coefficient matrix.
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2.2 Structural nonlinear analysis process

In structural nonlinear analysis, the incremental method is utilized to solve the
governing equations, in which the external load is proportionally divided into several
increments and the global stiffness matrix is the stiffness matrix corresponding to the
previous load level that remains unchanged in current calculation step. Regardless of
static or dynamic nonlinear analysis where implicit integration algorithm is selected, the
governing equations to be solved in each incremental step can be finally expressed as:

K,AX = AF )

where K denotes the tangent stiffness in static nonlinear analysis or equivalent
tangent stiffness in dynamic nonlinear analysis in each incremental step; AX and AF
are incremental nodal displacement and external loads, respectively.

<Start the k™ incremental ste@

|

Element state determination

A\ 4

Static Dynamic
\ 4 \ 4
1. Generate tangent stiffness 1. Generate equivalent
matrix tangent stiffness matrix
2. Calculate unbalance 2. Calculate unbalance
vector vector

!

Solving displacement response by
Woodbury formula

No

Convergence

Dynamic
Static Update velocity
and acceleration

f‘
< End, k=k+1 >

Fig. 2 Analysis procedure of the Woodbury nonlinear method

For local nonlinear problem, the change of stiffness matrix induced by nonlinearity
can be expressed as the modification of the initial stiffness matrix, which is expressed
as:
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K, =K, +AK ©)

where AK is the modification stiffness matrix related with the local nonlinearity,
which has high sparsity and can be generally written as the multiplication of two
low-rank matrices, such as AK=WV' (W and V are both low-rank matrix).

Since the global stiffness matrix has only a few elements associated with the local
nonlinearity changed, the governing equations (Eq.(2)) conform to the application
condition of the Woodbury formula (Eq.(1)) which can be employed to efficiently obtain
the incremental displacement response. This kind of aforementioned methods can be
called Woodbury nonlinear method, which inherits the characteristics of the Woodbury
formula that is an exact method and more suitable for local nonlinear problem, while the
difference between each method is that the construction of modification matrix is distinct.
The general analysis procedure of the Woodbury nonlinear method is displayed in Fig.2.

Fig.2 shows that the only distinction between the Woodbury nonlinear method and
traditional FEM is that the solution of the linear system of equations, supposing that the
selected iterative algorithm is identical. Previous research (Li et al. 2018) has
demonstrated that the computational cost of the Woodbury nonlinear method and LDLT
factorization method used in the FEM are O(mn) and O(m?n) for local nonlinear problem
respectively, where m and n denote the bandwidth and dimension of structural stiffness
matrix respectively. However, the computational cost of the Woodbury nonlinear method
is with cubic growth rate of nonlinearity range for large part of nonlinearity problem. The
theoretical analysis shows that the efficiency of the Woodbury nonlinear method is higher
than the FEM only for local nonlinear problems, but the efficiency advantage dissipates
as the nonlinearity range extend, which limits the application of the Woodbury nonlinear
method to great extent.

The efficiency of the nonlinear analysis is mainly depend on both the solution of
linear equations and iterative algorithm, and the two aspects also affect each other. In
general, enhancing the convergence rate of the iterative algorithm is at the expense of
additional cost of the linear equations. For example, the N-R algorithm has second-order
local convergence rate that is higher than the modified Newton algorithm with only linear
convergence rate, whereas the N-R algorithm requires factorizing the coefficient matrix
in each iteration step and the modified Newton algorithm only needs one-time
factorization at the beginning of the incremental step. Similarly, reducing the
computational cost of the linear equations may lower the convergence rate of the
iterative algorithm. For example, if the approximate method is selected to substitute the
exact method to solve the linear equations, the error induced by the approximation needs
to be eliminated by decreasing the convergence rate of N-R algorithm.

3. INEXACT NEWTON WOODBURY METHOD

3.1 Improved Woodbury Method

The inelasticity-separated finite element method (IS-FEM) is taken as a
representative of the Woodbury nonlinear method, based on which to make a
presentation of the proposed improved Woodbury method.

® Inelasticity-separated finite element method
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The IS-FEM is based on the idea of strain decomposition, in which the total material
strain is departed into elastic and inelastic components and the inelastic strain is
regarded as additional DOFs. The governing equations can be obtained only
considering the nonzero incremental inelastic strains according to the principle of virtual
work and equilibrium condition of the collocation points, which is expressed as follows

(Li and Yu 2017):
K, K[ AX | _(AF .
K/T K/Fr) _AEf‘r)r - 0 ( )

where Ke (nxn) = the initial elastic stiffness matrix of a structure with n DOFs;
K’ (nxd) and K’ (dxd) = coefficient matrices related with local nonlinearity, which are

both sparse matrices; d is the number of inelastic degrees of freedom (IDOFs); AE},

(dx1) = vector represented the incremental inelastic strains at the nonzero collocation
points; and AF (nx1l) and AX (nx1l) = incremental external loads and nodal
displacement, respectively.

Condensing the IDOF vector AE’ , Eq.(4) can be transformed into:

pr’
(K, —K'K"'KT)AX = AF (5)

where the coefficient matrix is equivalent to the tangent stiffness matrix, which is
expressed asK, = K, -K'K!*K'".

Then, the incremental displacement AX in Eq.(5) can be solved by directly using
the Woodbury formula:

X = () + K KK KK AF (6)

nxn nxd dxd dxn

where Ky is the Schur complement with dimension of dxd, which can be expressed
as K, =K} +AK, and AK=-K"K/K".

The solution procedure of the Woodbury formula (Fig.1) can be directly applied to
solve Eq.(5), but the corresponding matrices should be substituted with the matrices in
Eq.(6). Previous research shows that when large part of nonlinearity occurs to the
structures, the main computation cost concentrates on the solution of the linear system
of equations whose coefficient matrix is the Schur complement matrix (Step (5) in Fig.1).
In this case, the computational cost of the Woodbury formula is O(d®) that easily
exceeds that of the LDLT factorization method (O(m?n)) adopted in the FEM, which
significantly confines the application (Li et al. 2018).

® Improved Woodbury method

To address the aforementioned problem, this paper proposes the improved
Woodbury method, in which the main computational cost (Step (5)) is solved by
approximation method to get an efficient solution, while other solution steps are the
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same with the original Woodbury formula. The equations in Step (5) is expressed as:

Ku=y (7)

Firstly, multiplying both sides of Eq.(7) by K’;'l and applying the binomial series
expansion with the first s high-order items, the solution can be obtained:

U=(1+B) 6= (1 -B+B2-L +(~1)"'B*)¢ 8)

where B=K’'AK and §=K"y.
Eg. (8) can be simplified as u=w, +w, +L. +w_, in which

W, = % )

w. ., =-Bw.  (i=12L,s) (10)

i+1 i

The accuracy of Eq.(8) is insufficient when the number of s is small. Although high
accuracy can be achieved by considering more number of s, the computational cost
increases as s increases. Moreover, the binomial series is convergent only when the
spectral radius of matrix B is less than 1. To obtain an accurate solution with high
efficiency, the reduced basis method is selected to combine with the binomial series
expansion, in which a large system of equations are transformed into a small one
through approximating the solution by a linear combination of predefined s independent
basis vectors. Then, Eq.(7) can be solved as:

U=v,0, +V,0, +L +v,g, =QzV (11)

where Qi is obtained by orthogonalizing the initial basis vectors wi using the
Gram-Schmidt orthogonalization procedure in order to avoid reducing the accuracy due

to the ill-conditioned matrix (Kirsch 2008). Qg =[q,,0,,L. ;] (dxs) contains s orthogonal
normalized basis vectors, andp = { P, P, L ps}T is the coefficient vector.

Substituting the Eq.(11) into Eq.(7) and pre-multiplying both sides of Eq.(7) by Qf,
the reduced system (sxs) can be transformed into an uncoupled one because the new
basis vectors are orthogonal with respect to K¢ (QZKfQB =1). Then, the new coefficient

vector v can be directly obtained by v =Q_Ly, and the unknown vector u is acquired as:

U=Q,v=Qy(Qly) = gqi(q?y) (12)
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When additional basis vectors are needed to improve the accuracy, the
computational cost only slightly increase since the update result of Eq.(12) can be
obtained without modifying the calculations acquired already.

Finally, the procedure of the proposed improved Woodbury method to solve Eq.(6)
can be summarized as Fig. 3. It shows that the proposed method utilizes the approximate
solution instead of exact solution to solve the linear system of equations whose
coefficient matrix is Ky, and other steps are similar with the Woodbury formula. Since the
approximate solution transforms the linear system related with the scale of nonlinearity
domain into a relatively small one, the improved Woodbury method is more efficient than
the Woodbury formula.

__________________________

(4) K,x=y _"[(5) z=K'x ]
a Calculate the basis vectors
v Eqgs. (9) and (10)

[(2) y=K'"AX, ] E 4 Orthogonalize the basis veclors i [(6) AX, =K'z ]

((1) AX, =K?AF |

(Kirsch 2008)

4 Calculate the coefficients and

displacement vector
Eq. (12)

..........................

i
(3)K, =K’ +AK

((7)AX =X, +AX,}

Fig.3 Solution procedure of the improved Woodbury method

3.2 Basic theory of Inexact Newton method

The Inexact Newton (IN) method represents a kind of methods in mathematics,
where the system of linear equations are solved by unspecified approximation method
in each iteration step of the N-R algorithm. Therefore, the proposed INW method, in
which the improved Woodbury method is used to obtain the incremental displacement in
each step of the N-R algorithm, also belongs to the IN method. This is the reason why
the name of INW method comes from. The iterative efficiency of the INW can be
evaluated based on the corresponding theory of the IN method which is presented as
follows.

The iterative scheme of IN method for solving the nonlinear equations f(X)=0 can
be expressed as (Dembo et al. 1982):

{f X)AX =—f(X, )+, (13)

Xiq =X +AX

where r; denotes the residual value induced by the approximation solution. The
residual value ri is the measurement criteria of accuracy and has a crucial influence on
the convergence rate of the external iterative algorithm. If ri is large, indicating that the
error of linear equations is large which needs to be minimized by the outer iterative
algorithm so that its convergence rate is reduced. If rj is too small, the solution accuracy
of linear equations is high enough, leading to increasing the computation cost.
Therefore, the aforementioned situations both have significant effect on the overall
calculation efficiency, and the performance of the IN method can be improved by
properly controlling the residual value r; of linear equations.
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To simultaneously ensure the accuracy and efficiency of the IN method, the IN
condition should be satisfied, which is expressed as (Dembo et al. 1982):

_ ]
&= ”f(XI)” < i (14)

where ¢ and 7, are relative error and forcing term in the i iteration step
respectively. ri can be expressed as ri=f(X,)AX. +f(X;) according to Eq.(13).

The performance of IN method lies largely on the determination of 7 and the
solution of AX; affected by the selection of the approximation method, and both of
them have greatly influence on the convergence rate. The relation of 7, and the
convergence rate is as follows (An et al. 2007). If 7, is consistently less than 1.0 in one
analytical step, the IN method is with at least local linear convergence rate. If 7, tends

to zero in one analytical step, the IN method has at least local superlinear convergence
rate. If 7, is constant equal to zero, the IN method is reduced into the N-R algorithm

which is with second order convergence rate, indicating that the N-R algorithm is a
particular case of the IN method.

3.3Selection of the forcing term

The forcing term plays an important role in the IN method as aforementioned
discussion, which affects both the convergence rate of the nonlinear equations and the
overall nonlinear computation efficiency. However, there is no standard form of forcing
term, the selection of forcing term is based on the characteristic of the solved problems
and the expected convergence rate. For nonlinear analysis, the selection of forcing term
should improve the efficiency as much as possible under the premise of ensuring the
convergence of iteration. Therefore, the selection of forcing term cannot be too large or
small. If it is too large, the iterative convergence cannot be guaranteed due to the large
error induced; if it is too small, additional computation cost increases. In addition, the
value of forcing term should not drop too fast during the iteration, otherwise, the
oversolving of the nonlinear equations may occur. The oversolving refers to the
phenomenon that the accuracy of the nonlinear equations is low when the initial value is
far away from the exact solution of nonlinear equations even if a small forcing term is
selected, because the deviation between nonlinear model and linearized model is large
at this time. As a result, enhancing the accuracy of linear equations has no effect on
approaching the solution of the nonlinear equations, but increasing the computational
cost.

Based on the aforementioned selection principle of forcing term, this paper
proposes a new forcing term suitable for the INW method to perform nonlinear analysis,
which is expressed as:

7, =ae™ (i=12L) (15)
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where a and b are parameters associated with the maximum value and decline
speed of forcing item 7, , respectively, whose recommended value are both

a,b<(0,0.5). i is the number of iteration step.

u . . .
—— b=0.15
s b =0.20
W e h=0.25
O b=0.30
S RN -——- 5=0235
AN
SN
N\ NN
A \\:2'-\,,__

iteration step

Fig.4 Tendency chart of the forcing item

Fig. 4 shows the variation tendency of forcing term during iteration under different
values of a and b. The proposed forcing term tends to O, which indicates a superlinear
convergence rate of nonlinear iteration according to the previous research. Meanwhile,
smaller b shows smoother decline rate of the forcing term, and a determines the
maximum value of forcing term. Furthermore, the proposed forcing term is with the form
of exponential function which is independent of the unbalanced force, so it is easy to
obtain without increasing additional computational cost.

Comprehensively considering the selection principles of the forcing terms, the
parameters a and b are selected as 0.3 and 0.2 in the simulation of Section 5,
respectively. The comparison of the selected forcing term with the traditional exponential
function is displayed in Fig.5.

Fig.5 shows that the maximum value of the selected forcing term is smaller than the
traditional exponential function, and the declining rate is lower in the initial steps. As the
number of iteration steps increase, both the selected forcing term and traditional
exponential function are tending to 0O, indicating that the convergence rate of them is the
same. Therefore, the proposed forcing term can avoid the oversolving phenomenon
more effectively on the premise of ensuring the convergence rate, and the computation
accuracy and efficiency are better balanced.

04 '
n=e'
03 n = 0.3¢-026-D ]
= 027
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iteration step
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Fig.5 Comparison of the forcing items

3.4 Nonlinear analysis procedure of the INW method
The nonlinear analysis procedure of the INW method can be summarized in Fig. 6,
in which the -f'(X.) and f(Xi) represents the structural stiffness matrix and unbalance

force vector respectively.
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Fig. 6 Nonlinear analysis procedure of the INW method

As shown in Fig. 6, the INW method contains two-layer iterative process. The outer
iteration is the N-R algorithm whose basic idea is approaching the solution through
linearizing the nonlinear equations, and the inner iteration utilizes the improved
Woodbury method to approximately solve linear equations. The inner iteration terminates
if the accuracy of the linear equations can satisfy the inexact Newton condition, otherwise
additional basis vectors are considered. The incremental computation step ends until the
outer iteration is convergent.

4. EFFICIENCY DISCUSSION

4.1 Time complexity models

Time complexity of algorithm referred to the computational cost is applied to
guantitatively evaluate the relative performance of alternative algorithms independent of
other factors, such as computer performance, code quality (Aho et al. 2003). The time
complexity of algorithm can be measured by typical elementary operations which consist
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of addition, subtraction, multiplication, and division (Bazaraa et al. 1977). Supposing that
the time of four arithmetic operations is identical because their computations in modern
computers are little difference (Cormen et al. 1996), then the time complexity function of
algorithm can be easily obtained by summing the total operations of the four arithmetic
operations.

The time complexity model of the improved Woodbury method used to solve the
displacement response in each iteration step can be obtained by time complexity
analysis, which is expressed as:

2 2
Tow :%(35+52 -2)+d(4s+232+%+%-%+23,B+4a)+4mn-3—25-%-m2 -n+1 (16)

Eq.(16) is acquired by accumulating the time complexity of all computation steps of
the improved Woodbury method shown in Fig.3. m and | represent the bandwidth of the
elastic stiffness matrix Ke and Schur complement Ky, respectively. « and g denote

the maximum number of nonzero values in each column of K’ and K, respectively,

which both depend on the type of element selected in the simulation (Li and Yu 2017).

The LDLT factorization method which is a common used direct method in the FEM
is selected to make a comparison with the improved Woodbury method. The time
complexity model of the governing equation in each iteration step of the FEM (Eq.(2)) is
denoted as (Golub and GeneH 2014):

T, =nm’ +8mn+n (17)

4.2 Efficiency evaluation of each iteration step

In terms of each iteration step of nonlinear analysis, the calculation of the linear
equations to obtain the displacement response consumes the most computational cost.
Therefore, the efficiency comparison of each iteration step focus on the linear equations.
Eq.(16) and Eq.(17) show that the asymptotic time complexity (represent the increase
rate) of the improved Woodbury method and LDLT factorization method are O(dl) and
O(nm?), respectively. The time complexity of the improved Woodbury method depends
on the number of IDOFs d, and its time complexity increases as d increases. Therefore,
the maximum of IDOF dmax-w, below which the efficiency of the improved Woodbury
method is higher than LDLT factorization method, is reached when the time complexity
of the two methods are equal. Then, the threshold dmax-iw can be approximately obtained
by equalizing the highest order items of Tiw and Ti, which can be expressed as:

d, ~0.05(nm?)¥® (18)

max-1W

Note that the half-bandwidth of Ks (Ik) is taken as | ~d?**(Kirsch 2008), and the

number of basis vector s is taken as 10 in the derivation procedure to obtain a
conservative result since that s is selected from 3 to 10 for general case in previous
studies (Kirsch et al. 2002).
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Then, the threshold of nonlinearity range ymax_,wzdmaﬂ which is derived as
n

guantitative efficiency indicator of the above two methods, can be directly obtained. The
meaning of »,.. . can be illustrated as follows. For example, 7, . iS 0.5, indicating
that if the nonlinearity range is no more than 50%, the efficiency of the improved
Woodbury method is much higher than LDLT factorization method. Fig. 7 shows the
comparison of y,. . and .. w ., in which y_ . represents the threshold of
nonlinearity range obtained by comparing the time complexity models of the Woodbury
formula and the LDLT factorization method in previous study (Li et al. 2018). The larger
the 7..w OF Zumxw IS, the wider nonlinearity range applicable for improved

Woodbury method or Woodbury formula is.

1.82

}/ max—W

0.02

Fig.7 Comparison curves of the y... . and 7. w

4.3 Efficiency evaluation of nonlinear analysis

To quantitatively evaluate the efficiency of the nonlinear analysis, the total time
complexity model of the INW is established to make a comparison with the FEM. Note
that the comparison is conducted under the situation that the actual nonlinear range is
less than the threshold . . - Then, the total time complexity model of the INW can be

obtained by the multiplication of the time complexity of each iteration step and total
number of iteration steps, which is expressed as:

TINW = ilele (19)

where iinw is the number of iteration steps reflecting the convergence rate. Tiwis the
time complexity model of the improved Woodbury method presented in Eq.(16).
Similarly, the total time complexity model of the FEM can be expressed as:

TF-L = iNTL (20)

where in is the number of iteration steps of the N-R algorithm which is selected as
the iterative method in the FEM, and Tv is the time complexity model of the LDLT
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factorization method displayed in Eq.(17).

Based on the preceding analysis, if the total time complexity of the INW is lower than
the FEM, its increase ratio of iteration steps compared to the N-R algorithm used in the
FEM should be no more than a theoretical threshold value pmax considered as
quantitative indicator. The pmax can be obtained by equalizing the total time complexity
models of the two aforementioned methods and making the corresponding
transformation, which is expressed as:

P = e = Ty (21)
IN TIW
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Fig. 8 Relationship between pmax and n

The threshold pmax represents the theoretical maximum value. If the actual increase
ratio of iteration steps is less than the theoretical threshold pmax, the efficiency of the INW
is higher than the FEM, otherwise the FEM is more efficient. Moreover, the larger the
theoretical threshold pmax is, the greater probability that the INW has higher efficiency.
Fig.8 shows the relationship between pmax and n for various values of y (the ratio of
IDOFs to DOFs), and the representative value in Fig.8 is listed in Table.2. when y is
small or y and n are both large, the INW method has significant efficiency advantage

over the FEM.

Table. 2 The threshold value pmax

n=103 n=104 n=10> n=10°%
y=0.1 7.05 18.74 46.70 111.84

7=0.3 1.19 3.70 9.22 21.30
7=0.5 0.025 1.12 3.53 8.77

5. NUMERICAL SIMULATION EXAMPLE
To verify the efficiency and accuracy of the proposed INW, a reinforced concrete
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(RC) space frame is selected to perform the nonlinear static analysis.

The selected 6-story RC space frame is displayed in Fig. 9. The height of each floor
is 3.9 m, and the total height is 23.4 m. Each bay of X and Y dimensions is 6 m. The
cross sections of columns vary from different floors, in which the first floor is 650x650
mm and the other floors are 600x600 mm. The cross sections of all beams are 300x600
mm. The Kent-Park concrete model and the linear kinematic hardening steel model are
used in this simulation. The compressive and tensile strength of concrete are o, =20.1

MPa and o, =2.01 MPa, respectively. Young’s modulus, yield stress and hardening
modulus of steel model are Ee=2.0x10° MPa, o, =400 MPa and En=0.02 Ee,

respectively. The masses of structures are concentrated at the beam-column joints, in
which the first to fifth floors are 42x10* kg, and the sixth floor is 36x10%kg. The fiber
element is utilized to establish the three-dimensional finite element analysis model. The
total number of elements and DOFs are 1,116, and 5,328, respectively. The inverted
triangle sinusoidal reciprocating loading condition shown in Fig. 9 is applied, in which
the expression is P(t)=Pmaxsin(t) and Pmax=10 kN. The total number of analysis step is

2400.
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Fig. 9 6-story RC space frame

5.1 Accuracy verification

The static nonlinear analysis of this concrete frame structure under sinusoidal
reciprocating loading is carried out. The initial number of basis vector in the improved
Woodbury method is taken as 3 based on the previous studies and the final number can
be adaptively calculated according to the inexact Newton condition (Eqg. (14)). The
parameters of forcing item (Eqg. (15)) are selected as a=0.3 and b=0.2. The
displacement responses of the 6™ floor obtained by the INW and Woodbury nonlinear
method are presented in Fig. 10. Fig. 10 shows that the results of the two methods are
well consistent with each other. The relative error of the INW compared to the Woodbury
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nonlinear method which is considered as exact solution are only 4.06x104%. The result
illustrates that the error is small enough to satisfy the engineering requirements and the
INW has comparable accuracy with the exact Woodbury nonlinear method. Moreover,
Fig. 11 displays the curve of basis vectors number in each incremental step. It shows
that the maximum number of basis vector is only 4 in nonlinear calculation steps,
indicating that fewer basis vectors can satisfy the inexact Newton condition in this case,
which is consistent with previous studies (Kirsch 2008).
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T T T

. —— Woodbury nonlinear method ~ ------- INW
£ 0.04 .
|5
g 0
3
E_ -0.04 s 1
= -0.08 | 45? 1 1 l

0 400 800 1200 1600 2000 2400
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Fig 10 6'" floor displacement responses
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o
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Fig. 11 Number of the basis vectors

5.2 Efficiency verification

Fig. 12 displays that the number of IDOFs in each increment step is relatively high,
and the average number of IDOFs (dav) is approximate 2047 which is 38.9% of the total
number of DOFs. The actual ratio of IDOFs to DOFs is higher than the corresponding
threshold ., (13.17%) (Li et al. 2018) so that the efficiency of the Woodbury

nonlinear method is lower than the FEM in this situation.

To quantitatively compare the efficiency, the total iteration steps and time
complexity of the FEM, Woodbury nonlinear method and INW are listed in Table. 3. The
INW is with superlinear convergence rate which is inferior to the N-R algorithm with
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second order convergence rate adopted in the FEM and Woodbury nonlinear method. In
this simulation, the actual iteration steps of INW is 4815 which is only 58.6% higher than
that of the N-R algorithm (3036). According to Eq.(21), the threshold value pmax is 157%,
which indicates that only when the actual iteration steps of the INW method is 157%
higher than of the N-R algorithm, the efficiency of the INW method is lower than the FEM.
However, in this simulation with larger nonlinear range, the actual increase ratio is only
58.6% that is much lower than the pmax 157%, thus the efficiency of INW is significantly

higher than the FEM.

1000}

IDOFs number

| | |
1200 1600 2000 2400

Incremental step

1 1
400 800
Fig. 12 Number of IDOFs

Table. 3 Comparison of the convergence rate and time complexity

Iteration Average Total time
Method . . .

step time complexity complexity

FEM 3036 1.21x108 3.69x101
Woodbury
nonlinear 3036 2.41x108 7.32x101
method

INW 4815 8.93x106 4.30x1010

Woodbury nonlinear method — — —FEM

______ j N [ S N S—

-------- average time complexity of Woodbury nonlinear method 3

average time complexity of INW ]
| | 1

400 800 1200
Incremental step

Time complexity

| |
1600 2000 2400

Fig. 13 Time complexity of the three methods
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Furthermore, Fig. 13 displays the time complexity of the FEM, Woodbury nonlinear
method and INW in each incremental step. From Fig. 13 and Table. 3, the time
complexity of the Woodbury nonlinear method is higher than that of the FEM, indicating
that the Woodbury nonlinear method is no longer applicable for problems with large part
of nonlinearity. The average time complexity of the INW is two magnitude lower than the
Woodbury nonlinear method and FEM. The total time complexity of the INW is only
5.87% and 11.65% of the Woodbury nonlinear method and FEM respectively. Therefore,
the efficiency of the INW is much higher than the Woodbury nonlinear method and FEM
for simulating the structures with large part of nonlinear regions.

6. CONCLUSIONS

Structural nonlinear analysis is a very time-consuming process especially for
large-scale structures because linear system of equations need to be solved repeatedly
in iterative computation which is generally unavoidable. In this study, the INW method is
proposed to efficiently conduct the nonlinear analysis, where the improved Woodbury
method that combines the approximate solution with the Woodbury formula to enhance
the efficiency of solving linear equations for problems with large part of nonlinearity is
presented, and the inexact Newton condition with the proposed forcing term is applied to
ensure the iteration computation with superlinear convergence rate. Meanwhile, time
complexity analysis is conducted to quantitatively compare the efficiency of the INW
method with the FEM from the aspects of linear equations solution in each iteration step
and iterative computation, then the application range of the INW is quantitatively given.
Finally, a numerical simulation is performed to validate the efficiency and accuracy of the
INW method. The conclusions can be drawn as following:

(1) For the solution of linear equations, the threshold ratio of IDOFs to DOFs

Ymaxw » WhHiCh represents the threshold of nonlinearity range applicable for the improved

Woodbury method, is obtained through time complexity analysis. The result shows that
the 7. IS significantly higher than the y, ,, (threshold of the Woodbury formula)

especially for large-scale structures.

(2) For the iterative computation, the proposed new forcing term applicable for the
INW can ensure the INW with superlinear convergence rate, effectively avoiding the
reduction of the convergence rate due to the approximate solution. Meanwhile, the
guantitative indicator pmax represented the theoretical maximum increase ratio of iteration
steps compared to the N-R algorithm is really high when ratio of IDOFs to DOFs y is

smallor y and n are both large, indicating that the INW method has significant efficiency

advantage over the FEM in above cases. Therefore, the accuracy and efficiency of the
INW are better balanced.

(3) The theoretical analysis and numerical simulation show that the accuracy of the
INW method is comparable with the Woodbury nonlinear method by using only few basis
vectors. Meanwhile, the actual iteration steps of the INW method only slightly increase,
indicating that the INW method improve the efficiency of the solution of the linear
equations without significantly decreasing the convergence rate of nonlinear
computation. Furthermore, the total time complexity of the INW method is much lower
than the FEM and Woodbury nonlinear method for large part of nonlinearity occurred in
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structures, illustrating that the INW method has wider application scope than the
traditional methods.
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