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ABSTRACT 
 

Carbon fiber reinforced polymer (CFRP) has been widely used in the construction and 
reinforcement of structural engineering because of its corrosion resistance and high 
strength. However, compared with traditional reinforced concrete (RC), CFRP RC has 
poor ductility. Therefore, CFRP bars and steel bars are mixed to improve the strength 
and ductility of concrete beams. A numerical model is presented in this paper. The model 
predictions are compared with the experimental results available in the literature. 
Furthermore, the flexural performance of concrete beams with different Af/Ar (Af = area 
of CFRP reinforcement, Ar = area of total reinforcement) is studied. The numerical results 
show that the beam with a reasonable ratio of CFRP bars and steel bars can effectively 
reduce the crack concentration, improve the ductility and have a higher ultimate load. 
 
1. INTRODUCTION 
 
     The durability of conventional reinforced concrete (RC) structures has become an 
important indicator during design. These structures are susceptible to corrosion in natural 
environments due to corrosion of steel, which seriously affects the safety and durability 
of the structure (Alhawa and Ashraf 2019, Tamai et al 2020). In recent years, fiber 
reinforced polymer (FRP) is considered as an alternative to steel reinforcement due to 
its lightweight, high strength, and corrosion-resistant characteristics. FRP can effectively 
overcome the corrosion problem of reinforcement in corrosion-prone marine 
environments (Lu et al. 2022). In addition, the high strength and high hardness to density 
ratio make FRP more competitive than steel reinforcement. However, the FRP material 
is linearly elastic before rupture, leading to brittle failure of concrete elements reinforced 
with FRP bars without warning. In addition, the modulus of elasticity of FRP 
reinforcement is less than that of steel reinforcement. Consequently, when the concrete 
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strength and reinforcement ratio are the same, the deformation and cracking of FRP-RC 
members were greater than those of steel-RC members. (Barris et al. 2017) 

To address the drawbacks of FRP-RC or steel-RC beams, a new hybrid FRP-steel 
reinforcement system in concrete beams was introduced (El Refai et al. 2015). In this 
system, the FRP reinforcement is usually located on the outside and the steel 
reinforcement on the inside, thus increasing the thickness of the protective layer of the 
steel reinforcement and its ability to protect the steel reinforcement in order to slow down 
corrosion. At present, a large number of experimental studies as well as theoretical 
studies have been carried out on concrete beams with hybrid reinforcement. Wei et al. 
(2024) conducted an experimental study in which they tested twelve beams, with the 
main parameters being the amount of reinforcements and the ratio of GFRP to total 
reinforcement. The results showed that the addition of GFRP reinforcement increases 
the ultimate load carrying capacity but decreases the ductility. The GFRP-RC beams with 
normal effective reinforcement ratio have better ductility, load carrying capacity and 
durability. Abbas et al. (2022) performed a test, which showed that the ratio of steel and 
GFRP reinforcement in hybrid RC beams plays an important role in load-carrying 
capacity and ductility. Araba et al. (2023) investigated the flexural performance of 
concrete beams with a mixture of steel and GFRP reinforcement, and the results of the 
tests showed that the use of a mix of steel-GFRP reinforcement has ductile properties 
and the mixed reinforcement can improve the stiffness of concrete beams. Pang et al. 
(2022) conducted a comprehensive numerical evaluation of CFRP/steel hybrid RC 
continuous beams by means of a finite element program. The main variables investigated 
were Af/Ar (Af = CFRP reinforcement area; Ar = total reinforcement area) and loading 
mode. The results showed that the ACI specification underestimated the moment 
redistribution capacity. 

In this paper, an ABAQUS numerical model is presented to theoretically investigate 
the bending performance of two-span mixed CFRP-steel RC continuous beams, 
including ultimate load, ultimate deflection, and moment redistributing capacity, with the 
variables being Af/Ar. 
 
2. MODEL VERIFICATION 
 

2.1 Test beams 
     Two continuous RC beams tested by EI-Mogy et al. (2010) were validated. One of 
the beams is a concrete beam reinforced only with steel reinforcement (SS1) and the 
other is reinforced only with CFRP bars (CS1). The cross-sectional area of the two beams 
was (200 mm × 300 mm) and the length of each span was 2800 mm. Point loads were 
applied in the spans as shown below in Fig. 1. The two spans of the continuous beam 
SS1 were reinforced with seven bars of 15 mm diameter, three at the top layer and four 
at the bottom layer of the beam. The top layer of the beam CS1 was reinforced with two 
CFRP bars of 10 mm diameter, and the bottom layer was reinforced with three CFRP 
bars. Both specimens were reinforced in shear with 8 mm diameter stirrup with yield 
strength of 300 MPa, modulus of elasticity of 190 MPa and ultimate strain of 0.0016, and 
the spacing of the stirrup was 120 mm. The rupture strength of CFRP was 1388 MPa, 
modulus of elasticity was 116 GPa, and the ultimate strain was 0.012. The yield strength 
of longitudinal steel reinforcement was 485 MPa, modulus of elasticity was 200 GPa. The 
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cylindrical compressive strength ƒ ck of SS1 and CS1 were 28 MPa and 26 MPa, 
respectively. 

 

 
Fig. 1 Two-span RC test beams (schematic diagram) 

 
2.2 Finite element model 

     The finite element model was modeled using ABAQUS. The boundary conditions, 
loads and mechanical properties of the finite element model were set based on tests. In 
the finite element model of this paper, the C3D8R element (three-dimensional 8-node 
linear reduced product) is used to simulate the nonlinear behavior of concrete, which 
makes it less prone to shear self-locking. The 3D 2-node first-order truss element (T3D2) 
is used to simulate steel and CFRP reinforcing bars, which are subjected to only axial 
loads. The 3D rigid body R3D4 element is used to simulate the mat. The meshing of the 
finite element model directly affects the accuracy of the numerical simulation. Too large 
mesh size can lead to an hourglass problem in ABAQUS and thus inaccurate results, 
while too small mesh size requires higher computational power. Therefore, the mesh 
sizes used in this paper for continuous beams are 50 mm for concrete, steel and FRP 
reinforcement and 25 mm for pads. 
 

2.3 Material properties 
     The Eurocode model was used to simulate the stress-strain relationship of concrete 
in compression. (see Fig. 2a), which is expressed as follows: 
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where εc and σc are concrete strain and stress, respectively; εc0 is the strain at peak 
stress; k is coefficient; fck is characteristic cylinder compressive strengths; εcu is the 
ultimate concrete compressive strain. 
     Fig. 2b shows the tensile stress-strain relationship of concrete, which remains 
linearly elastic until cracking, and linearly tensile-hardening behavior after cracking, 
where ft is the concrete tensile strength; and εcr is the cracking strain. 
     Steel reinforcement is linearly elastic until yield strength. The post-yield modulus is 
0.001 times the elastic modulus. CFRP bars remain linearly elastic until rupture. The 
stress-strain curves of both are shown in Fig. 2c, where ff is the rupture strength of CFRP 
bars; fy is the yield strength of steel bars. 

  
Fig. 2 Stress–strain curves of materials. (a) concrete in compression; (b) concrete in 

tension; (c) reinforcement bars. 
 

2.4 Comparison of Numerical and Test Data 
     The comparison of the finite element analysis with the test data is shown in Fig. 3. 
It can be seen that both SS1 and CS1 are fitted well. Meanwhile, the key responses 
characteristics of both beams can be well simulated, which include the cracking, yielding, 
and ultimate stages of SS1 and the cracking and ultimate stages of CS1.  

 
Fig.3 Comparison of predicted load-deflection curves with experimental data. 
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3. RERSULTS AND DISCUSSION 
     In this part of the study, continuous beams of the same span were used and a 
symmetrical load P was applied at the midpoint of the beam span as shown in Fig. 4. 
The variables were Af/Ar, i.e., Af/Ar = 0.0, 0.25, 0.5, 0.75 and 1.0. When Af/Ar = 0.0, the 
beam was reinforced by steel reinforcement only; when Af/Ar = 1.0, the beam was 
reinforced by CFRP reinforcement only. The total length of the continuous beam is 10200 
mm, the thickness of the protective layer of reinforcement is 30 mm and the cross-section 
is 300 mm x 500 mm. The total area of reinforcement at the top of the beam is 1000 mm2, 
and the total area of reinforcement at the bottom is 1500 mm2. The yield strength and 
modulus of elasticity of the steel reinforcement are 485 MPa and 210 GPa, respectively; 
the yield strength and modulus of elasticity of the stirrup reinforcement are 300 MPa and 
190 GPa, respectively; and the tensile strength, strain at break, and modulus of elasticity 
of the CFRP bars are 1450 MPa, 1.06%, and 133 GPa, respectively. The ABAQUS finite 
element model is shown in Fig. 5. 
 

 
Fig. 4 RC continuous beams for numerical evaluation (schematic diagram) 

 
Fig. 5 ABAQUS finite element model 

 
3.1 Load-Deflection Behavior 

     Fig. 6 shows the load-deflection curves of the five beams from loading to failure. It 
can be seen that before concrete cracking, the curves behave the same, indicating that 
this stage is mainly affected by concrete cracking. However, as the concrete cracks, its 
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load-deflection performance is mainly affected by the mixing ratio. The larger the Af/Ar 
ratio, the smaller the stiffness of the load-deflection curves after cracking. This is because 
the tensile force after cracking of concrete is mainly borne by the reinforcement, and the 
modulus of elasticity of CFRP reinforcement is smaller than that of steel reinforcement 
before yielding. When only CFRP reinforcement is used, the load-deflection curve of 
concrete beams is only two stages, and eventually brittle failure occurs. 
 

 
Fig. 6 Load-deflection behavior 

 
     Fig. 7 shows the variation of ultimate load and ultimate deflection with Af/Ar. From 
the figure, it can be seen that when Af/Ar increases from 0 to 0.25 and to 0.5, the ultimate 
load increases by 13% and 16%, respectively. When Af/Ar continues to increase, the 
ultimate load increases slowly. The ultimate deflection is not much related to the change 
of Af/Ar and remains basically unchanged. 
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Fig. 7 Change in ultimate load (Pu) and ultimate deflection (Δu) with the hybrid level 

 
3.2 Ducility 

     The conventional ductility indices include curvature or deflection ductility (the ratio 
of curvature or deflection under ultimate load to that under yield load, respectively). Since 
concrete beams reinforced only with CFRP bars remain linearly elastic after cracking 
until failure and thus cannot be evaluated based on the conventional ductility indices, this 
paper evaluates the ductility of concrete beams containing FRP bars based on the energy 
method proposed by Naaman and Jeong. (1995), with the following expression: 
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Where eµ  is ductility index; totE  is total energy, which is defined as the total area of 

the load-deflection curve under ultimate loads. elE  is elastic stored energy. 
     In hybrid RC beams, the plasticity of the steel reinforcement and the elasticity of 
the CFRP act simultaneously after the yielding of the steel reinforcement. Therefore, two 
types of ductility coefficients for hybrid reinforcement are given in Table 1, assuming 
complete linear elasticity and complete plasticity of the steel reinforcement after yielding. 
As can be seen in Table 1, the concrete beams reinforced only with steel bars (i.e., Af/Ar 
= 0.0) had the largest ductility index and the concrete beams reinforced only with CFRP 
bars (Af/Ar = 1.0) had the smallest ductility index. And no matter which way the ductility 
index is obtained, it is found that the ductility index decreases with increasing Af/Ar, while 
the ductility index assuming complete plasticity after yielding of the steel reinforcement 
is greater than the ductility index assuming complete elasticity properties of the steel 
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reinforcement after yielding. This indicates that in concrete beams, steel reinforcement 
provides ductility to concrete. 
 

Table1 Ducility index 
Af/Ar 

eµ  
0.0 3.15 

0.25 1.731/2.362 

0.5 1.631/2.052 

0.75 1.551/1.852 

1.0 1.49 
1,2Ductility indexes of hybrid RC beams assuming perfectly elastic and plastic behavior 
after steel yielding, respectively. 
 
     3.3 Development of bending moment 
     Results of elastic analysis and nonlinear analysis are given in this paper. The 
nonlinear analysis is based on numerical simulation, while the elastic analysis is 
calculated by the structural mechanics method. The distribution of the elastic bending 
moment is shown in Fig. 8. The mid-span bending moment is 5/32PL and the support 
bending moment is 3/16PL, where P is the load applied to a single span and L is the 
length of a span. 

 
Fig. 8 Moment diagram according to elastic analysis 

 
       Fig. 9 shows the load-moment behavior of the beams. It can be seen that before 
concrete cracking, the development of nonlinear analysis and elastic analysis is basically 
the same. On the cracking of concrete, moment redistribution effect occurs, and therefore 
the deviation between the actual and elastic values begins. Moreover, it can be seen 
from the figure that the deviation between the actual value and the elastic value at the 
support is larger than that at the mid-span, because the first cracks appear at the support. 
The development of moment redistribution is also related to the Af/Ar ratio. It can be seen 
that the larger the Af/Ar ratio, the smaller the deviation. 
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Fig. 9 Load-moment behavior 

 
Fig. 10 shows the load-moment redistribution law of the beams. The symbol β is 

introduced to represent the degree of moment redistribution: 

 1
e

M
M

β = −  （4） 

where M is the bending moment obtained from nonlinear analysis, and Me is the bending 
moment under elastic action. It can be seen that the load-moment redistribution law of 
the CFRP RC beam (Af/Ar = 1.0) only goes through three stages. The first stage is the 
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stage before concrete cracking, in which the concrete beams remain linearly elastic, so 
the degree of moment redistribution remains constant in this stage. The second stage is 
the post-cracking stage, where the concrete changes from elastic to plastic and the 
degree of moment redistribution increases rapidly, with the fastest increase in the degree 
of moment redistribution when the applied load is increased from 100 kN to 200 kN. The 
trend of the increase in the third stage is relatively stable, which is attributed to the fact 
that the growth of the concrete cracks tends to be stabilized in this stage. In the case of 
steel-only and mixed-RC beams, an additional yielding stage occurs, where the steel 
reinforcement yields and the moment redistribution grows significantly, and this yielding 
stage is more pronounced for a smaller Af/Ar ratio. Meanwhile, the ultimate redistributive 
capacity decreases with increasing Af/Ar ratio, which is due to the linear elasticity of 
CFRP reinforcement. The nonlinear, elastic moments and redistributions of the beams 
are presented in Table 2. 

 
Fig. 10 Load versus moment redistribution  

 
 

Table 2 Values of Me, M and β in beams with different hybrid levels 

Af/Ar 
M (kN m) Me (kN m) β (%) 

Midspan Support Midspan Support Midspan Support 
0.0 747.72 -534.60 634.39 -761.26 -17.87 29.78 

0.25 830.04 -634.34 717.01 -860.41 -15.76 26.27 

0.5 850.92 -661.11 738.42 -886.10 -15.23 25.39 

0.75 849.39 -678.53 742.91 -891.49 -14.33 23.89 
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1.0 854.48 -690.52 744.21 -893.05 -13.61 22.68 
 
 
4. CONCLUSION 
     In this paper, a finite element model was developed to investigate the performance 
of concrete beams reinforced with different proportions of CFRP-steel composites. The 
conclusions are as follows: 

1) The ultimate load of concrete beams is affected by using hybrid reinforcement. 
The ultimate load of concrete beams increases with the increase of Af/Ar. The maximum 
increase in ultimate load was observed when Af/Ar was in the range of 0.0-0.5. After that, 
the ultimate load remains almost constant with the increase of Af/Ar. 

2) The ductile properties of concrete beams can be improved by using hybrid 
reinforcement. The steel reinforcement provides ductility to the concrete and the CFRP 
reinforcement provides strength to the concrete beam. 

3) The use of hybrid reinforcement affects the moment redistribution capacity of 
concrete beams. As Af/Ar increases, the moment redistributing capacity decreases. 
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