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ABSTRACT 
 
The simplified procedure for liquefaction assessment commonly represents 

irregular earthquake loading by an equivalent uniform cyclic stress amplitude based on 
0.65 times the maximum earthquake-induced shear stress. Although this scaling factor 
has been extensively adopted in engineering practice, its applicability has not been fully 
examined in terms of the progressive soil softening and energy dissipation that occur 
during irregular cyclic loading. This study experimentally evaluates the 0.65 scaling factor 
using the cyclic simple shear (CSS) test on Jumunjin standard sand at a relative density 
of approximately 50%. Three loading conditions were considered: (1) actual seismic 
loading, (2) uniform sinusoidal loading at the maximum cyclic stress ratio (CSRmax, where 
CSRmax = τmax/σ′v0), and (3) equivalent sinusoidal loading at 0.65×CSRmax. Because the 
number-of-cycles concept cannot directly represent irregular seismic loading, the 
responses were compared using Normalized cumulative dissipated energy as a 
waveform-independent measure of cyclic demand. The results showed that seismic 
loading produced nonuniform pore-pressure development governed primarily by 
dominant stress pulses, whereas uniform sinusoidal loading induced progressive soil 
softening under a constant stress amplitude. At liquefaction, the cumulative dissipated 
energy under 0.65×CSRmax loading was generally closer to that under the selected 
seismic motions than that under CSRmax loading. These results suggest that the 
conventional 0.65 scaling factor reasonably represents seismic demand under the tested 
conditions, and its applicability can be interpreted in terms of the different soil softening 
and energy-dissipation processes under irregular and uniform cyclic loading. 
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INTRODUCTION 
 
Soil liquefaction is a major cause of earthquake-induced ground failure, resulting 

from the accumulation of excess pore water pressure and the associated reduction in 
effective stress during cyclic loading (Ishihara, 1993; Seed and Lee, 1966). Because 
earthquake-induced shear stresses vary irregularly, direct representation of the complete 
stress time history is not practical in conventional liquefaction assessment. Seed and 
Idriss (1971) therefore introduced a simplified procedure in which the irregular 
earthquake-induced shear stress history is represented by an equivalent uniform cyclic 
stress. A key component of this procedure is the use of an equivalent shear stress 
amplitude equal to approximately 65% of the maximum earthquake-induced shear stress, 
which has subsequently become fundamental to stress-based liquefaction assessment.  

However, the scaling factor was established primarily from empirical observations 
and engineering judgment rather than an explicit mechanics-based description of soil 
response under irregular loading due to the limitations of testing equipment and 
techniques (Green and Terri, 2005). In particular, an irregular seismic stress history and 
a constant-amplitude sinusoidal stress history can induce substantially different 
sequences of stiffness degradation, strain accumulation, and excess pore water pressure 
generation. Because soil stiffness progressively decreases as cyclic loading proceeds 
toward liquefaction (Dobry and Abdoun, 2015), the same stress amplitude applied at 
different stages of loading does not necessarily produce the same soil response. 
Consequently, the equivalence between seismic loading and the conventional 
0.65×CSRmax representation warrants further examination from the perspective of the 
evolving soil response.  

The cyclic resistance of soil is conventionally characterized under uniform cyclic 
loading by the number of cycles required to reach a specified liquefaction criterion Nc. 
This representation is appropriate for sinusoidal loading because the stress amplitude 
and frequency remain constant over successive cycles. Its application to earthquake 
loading is less straightforward because a seismic stress history consists of cycles of 
markedly different amplitudes and durations, such that individual cycles do not contribute 
equally to the progression toward liquefaction (Green and Terri, 2005; Pan and Yang, 
2020; Seed and Idriss, 1971). Various equivalent-cycle concepts have therefore been 
proposed to transform irregular loading histories into representative uniform cycles. Such 
transformations, however, inherently require assumptions regarding the relative 
contribution of individual stress cycles. 

An alternative is to characterize cyclic loading through the energy dissipated within 
the soil. The energy-based method (EBM) relates liquefaction development to the 
cumulative energy dissipated through hysteretic soil deformation (Kokusho, 2013). 
Because dissipated energy integrates the stress–strain response over the loading history, 
it provides a common measure with which loading histories of different amplitudes and 
waveforms can be compared without explicitly assigning an equivalent number of cycles. 
This characteristic is particularly useful for examining the equivalence between irregular 
seismic loading and uniform sinusoidal loading.  

Previous studies have demonstrated that energy-based indices can successfully 
describe pore-pressure accumulation and liquefaction resistance under both uniform and 
irregular cyclic loading (Nemat-Nasser and Shokooh, 1979; Polito et al., 2013; Azeiteiro 
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et al., 2017). Nevertheless, comparatively limited attention has been directed toward 
using the energy framework to examine the physical basis of the conventional 0.65 
scaling factor itself. In particular, it remains unclear whether a sinusoidal loading history 
scaled to 0.65×CSRmax reproduces the energy demand associated with an actual seismic 
stress history once progressive soil softening is taken into account, and why such 
agreement, if observed, develops despite the markedly different loading waveforms. 
Addressing this issue requires direct comparison of the stress–strain response, pore-
pressure evolution, and dissipated energy under seismic and equivalent sinusoidal 
loading. 

This study investigated the response of sand subjected to actual seismic and 
simplified sinusoidal loading using cyclic direct simple shear tests. Four earthquake 
stress histories were compared with uniform sinusoidal loading at CSRmax and 
0.65×CSRmax. The study specifically examines (1) how irregular and uniform loading 
histories differ in their stress–strain response and excess pore water pressure generation, 
(2) how the timing of dominant seismic stress pulses affects the identification of 
liquefaction during stress-controlled simple shear testing, and (3) whether the 
conventional 0.65×CSRmax representation reproduces the cumulative dissipated energy 
required to trigger liquefaction under actual seismic loading. Through these comparisons, 
the study seeks to interpret the applicability of the 0.65 scaling factor in terms of soil 
softening and energy dissipation rather than solely through an equivalent number of 
loading cycles.   

 
EXPERIMENTAL STUDY 
 
2.1 Test material and specimen preparation 

This study used Jumunjin standard sand, which is classified as poorly graded sand 
(SP) according to the Unified Soil Classification System (USCS). Fig. 1 presents the grain 
size distribution, and Table 1 summarizes the index properties of the sand. The minimum 
and maximum dry density were determined following ASTM D4254-06 and ASTM 
D4253-06, respectively (ASTM, 2006 a; ASTM, 2006 b). 

 

 

 
Fig. 1. Grain size distribution of Jumunjin standard sand 
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Table 1. Index properties of standard sand 
 

 

Cyclic simple shear (CSS) tests were performed using a Geocomp cyclic direct 
simple shear testing system (CDSS). Specimens with a diameter of 63.5 mm and an 
initial height of approximately 19.8 mm were prepared by dry air-pluviation method. The 
specimens were subsequently K0-consolidated to an initial vertical effective stress of σ′v0 
= 100 kPa, while lateral deformation was restrained by a series of stacked confining rings. 
The target relative density (Dr) was 50% ± 5%, and the target Dr of each specimen was 
calculated using the specimen dimensions measured after consolidation. 

The CSS tests were conducted under constant volume conditions, which 
simulated undrained loading by preventing the volumetric deformation of the specimens. 
The vertical strain (εv) was maintained within 0.05% in accordance with ASTM D6528-19 
(ASTM 2019). Under constant volume conditions, the change in vertical effective stress 
was interpreted as the equivalent change in excess pore water pressure (Dyvik et al., 
1987). 

 
   

2.2 Test loading  
Actual earthquake ground motions are irregular in both amplitude and frequency. 

To produce this irregular loading in the CSS tests, four recorded ground motions were 
selected and converted into cyclic stress ratio (CSR) time histories. The selected ground 
motions were the Christchurch Hospital record from the 2010 Canterbury earthquake (Mw 
= 7.1), the Wellington Frank Kitts Park record from the 2016 Kaikoura earthquake (Mw = 
7.8), the Miyata station record from the 2011 Miyagi earthquake (Mw = 7.1), and the Bear 

Index properties Jumunjin standard sand 

Specific gravity, Gs 2.65 

Minimum void ratio, emin 0.632 

Maximum void ratio, emax 0.865 

Minimum dry density, γmin [kg/m3] 1394 

Maximum dry density, γmax [kg/m3] 1594 

Median diameter, d50 [mm] 0.6 

Coefficient of curvature, Cc 0.98 

Coefficient of uniformity, Cu 1.402 
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Lake-Fire station record from the 1999 Hector Mine earthquake (Mw = 7.1). The selected 
four records represent a range of Mw = 7.0 – 8.0, consistent with the magnitude range 
most commonly associated with field liquefaction case histories. The ground-motion 
records were obtained from the Center for Engineering Strong Motion Data (CESMD). 
The recorded acceleration histories were converted into CSR time histories using Eq. (1), 
and the stress reduction coefficient rd was evaluated at a representative depth of 10 m 
using Eq. (2) (Youd and Idriss, 2001). Fig. 2 presents the resulting CSR time histories 
used for the seismic loading tests. 

 

CSR = 
a(t)

g
 ∙ 

σv0

σv
'

0
 ∙  rd

                                (1) 

r
d
 = ቐ

1 - 0.00765d  (d  ≤ 9.15 m)
1.174 - 0.0267d  (9.15 m ≤ d ≤ 23 m)

0.744 - 0.008d  (23 m ≤ d ≤ 30 m)
                         (2) 

                                                                               

 
 

Fig. 3. Seismic loading for CSS testing. (a) Canterbury earthquake (2010, Mw = 7.1) 
recorded at Christchurch Hospital station. (b) Kaikoura earthquake (2016, Mw = 7.8) 

recorded at Wellington Frank Kitts Park station. (c) Miyagi earthquake (2011, Mw = 7.1) 
recorded at Miyata station. (d) Hector Mine earthquake (1999, Mw = 7.1) recorded at 

Big Bear Lake-Fire station. 
 

Because of the loading-rate limitation of the CDSS system, the original earthquake 
time histories could not be reproduced at their recorded time scale. The loading duration 
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was therefore uniformly stretched by a factor of 3 for the Canterbury record and by a 
factor of 2 for the Kaikoura, Miyagi, and Hector Mine records, while preserving the relative 
sequence and amplitude of the target stress history. Such time scaling may potentially 
influence soil response because an increased loading duration provides additional time 
for particle rearrangement during cyclic shearing (Zhu et al., 2021; Nong et al., 2020). 
Accordingly, the effect of time scaling should be considered when interpreting the 
seismic-loading tests. Previous studies have shown that, once cyclic shear deformation 
becomes sufficiently large, energy dissipation in sand is governed predominantly by 
frictional sliding and exhibits limited sensitivity to loading frequency (Hardin, 1965; 
Peacock and Seed, 1968; Green and Mitchell, 2004). On this basis, the present study 
assumes that the influence of applied time stretching on the cumulative dissipated energy 
is limited within the range relevant to the energy-based comparison. Nevertheless, the 
time-scaled loading histories are regarded as representations of the stress sequence of 
the selected earthquake records rather than exact reproductions of their original loading 
frequencies.  

For comparison with the seismic loading, uniform sinusoidal loading was applied 
at two stress amplitudes: loading at CSRmax and loading at 0.65×CSRmax, where CSRmax 
denotes the maximum absolute CSR obtained from each seismic stress history. All 
sinusoidal tests were conducted at a loading frequency of 0.1 Hz. The soil responses 
under the two sinusoidal loading levels were then compared with those obtained under 
the corresponding seismic loading histories to evaluate whether the conventional 0.65 
scaling factor provides a comparable liquefaction demand. Fig. 2 compares the seismic 
loading histories with the corresponding CSRmax and 0.65× CSRmax sinusoidal loading 
levels. The complete experimental program, including loading type, CSR, relative density, 
and number of cycles to liquefaction, is summarized in Table 2.   
 

Table 2. Overview of experimental study program 
 

Test ID 
Dry weight density, 

γd  [kg/m3] 
Relative density,  

Dr  [%] 
Type of load 

Cyclic stress ratio, 
CSR 

Number of cycles, 
Nc 

C01 1496 55 
Sinusoidal 

(Hector Mine earthquake) 
0.06 N/A 

C02 1490 51 
Sinusoidal 

(Kaikoura, Miyagi earthquake) 
0.07 69 

C03 1488 50 
Sinusoidal 

(Canterbury, Hector Mine earthquake) 
0.09 16 

C04 1492 52 
Sinusoidal 

(Kaikoura, Miyagi earthquake) 
0.1 14 

C05 1489 51 
Sinusoidal 

(Canterbury Earthquake) 
0.14 2 

E01 1487 50 
Seismic  

(Canterbury Earthquake) 
N/A N/A 

E02 1500 51 
Seismic  

(Kaikoura Earthquake) 
N/A N/A 

E03 1494 53 
Seismic 

(Miyagi Earthquake) 
N/A N/A 

E04 1493 53 
Seismic 

(Hector Mine Earthquake) 
N/A N/A 
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EXPERIMENT RESULT 
 
3.1 Soil stress-strain response under seismic and sinusoidal loading 

This section compares the soil responses obtained under sinusoidal and seismic 
loading. Representative results for uniform sinusoidal loading are presented in Fig. 3 for 
CSR = 0.09, whereas Figs. 4 – 7 show the responses under the Canterbury, Kaikoura, 
Miyagi, and Hector Mine earthquake loading histories, respectively. Because sinusoidal 
loading maintains a constant stress amplitude and regular loading sequence, whereas 
seismic loading varies irregularly in both amplitude and sequence, distinct stress-strain 
and pore water responses were observed between the two loading types. 

Figs. 3(a) and (b) present the shear stress-strain hysteresis loops and effective 
stress path, respectively, under sinusoidal loading. The repeated application of a 
constant shear stress amplitude produced relatively uniform and symmetric hysteresis 
loops, accompanied by a progressive reduction in vertical effective stress. In contrast, 
seismic loading histories in Figs. 4 – 7 produced nonuniform and asymmetric hysteresis 
loops because the applied shear stress amplitude varied continuously throughout the 
loading history. The corresponding effective stress paths were also irregular, reflecting 
the nonuniform accumulation of excess pore water pressure ratio during the seismic 
loading. 

Under sinusoidal loading, the shear strain remained relatively small during the 
initial loading cycles and increased rapidly as liquefaction was approached. For the CSR 
= 0.09 test shown in Fig. 3, the shear strain remained within ±1% during the early cycles 
and subsequently increased sharply, reaching the strain-based liquefaction criterion of γ 
= ±3.75% at approximately Nc = 16. This rapid development is consistent with the 
progressive loss of effective stress and stiffness of the loose sand specimen during cyclic 
loading.  

 The seismic loading tests exhibited a different pattern of strain accumulation, as 
shown in Fig. 4 - 7. Prior to liquefaction, the specimens showed relatively limited shear 
deformation; however, large strains developed once the vertical effective stress 
approached zero. Unlike the approximately symmetric strain response under sinusoidal 
loading, the post-liquefaction strain under seismic loading frequently accumulated 
preferentially in one direction because of the asymmetric sequence of the applied stress 
pulses. This tendency was particularly evident for the Canterbury and Kaikoura motions 
compared with the Miyagi and Hector Mine motions. 

A similar distinction was observed in the development of excess pore water 
pressure ratio. Under sinusoidal loading, the excess pore water pressure ratio ru 
increased progressively over successive cycles because a constant stress amplitude 
was repeatedly applied to the specimen, as shown in Fig. 3. In contrast, under seismic 
loading in Fig. 4, ru developed intermittently rather than uniformly, with relatively large 
increments occurring during specific high-amplitude portions of the stress history. The 
nonuniform pore-pressure response indicates that individual portions of an earthquake 
loading history contribute differently to the progression toward liquefaction, which is 
examined quantitatively in the following section. 
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Fig. 3. Cyclic simple shear results under sinusoidal loading conditions (CSR = 0.09, Dr 
≈ 50%). (a) shear stress – strain hysteresis loop. (b) effective stress path. (c) shear 

strain versus number of cycles. (d) excess pore water pressure ratio versus number of 
cycles. 
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Fig. 4. Cyclic simple shear results under seismic loading condition (Canterbury 
earthquake, Dr ≈ 50%). (a) shear stress – strain hysteresis loop. (b) effective stress 
path. (c) shear strain versus time. (d) excess pore water pressure ratio versus time. 

N
or

m
al

iz
ed

 s
he

ar
 s

tr
es

s,
 τ

/σ
′ 0

[ 
]

N
or

m
al

iz
ed

 s
he

ar
 s

tr
es

s,
 τ

/σ
′ 0

[ 
]

Time [sec]Shear strain, γ [%]

E
xc

es
s 

po
re

 w
at

er
 p

re
ss

ur
e 

ra
tio

, r
u

[ 
]

Shear strain, γ [%] Normalized vertical effective stress, σ ′v /σ′v0 [ ]

T
im

e 
[s

ec
]

-0.2

-0.1

0

0.1

0.2

-25 -20 -15 -10 -5 0 5
-0.2

-0.1

0

0.1

0.2

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

0 20 40 60 80 100
0

20

40

60

80

100

-25 -20 -15 -10 -5 0 5

Canterbury earthquake (E01)
Dr = 50%

Canterbury earthquake (E01)
Dr = 50%

Canterbury earthquake (E01)
Dr = 50%

Canterbury earthquake (E01)
Dr = 50%

(a) (b)

(c) (d)



The 2026 World Congress on
Advances in Civil, Environmental, & Materials Research (ACEM26)
23-25, August, 2026, Convensia, Incheon, Korea

 

  

 
 

Fig. 5. Cyclic simple shear results under seismic loading condition (Kaikoura 
earthquake, Dr ≈ 50%). (a) shear stress – strain hysteresis loop. (b) effective stress 
path. (c) shear strain versus time. (d) excess pore water pressure ratio versus time. 
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Fig. 6. Cyclic simple shear results under seismic loading condition (Miyagi earthquake, 
Dr ≈ 50%). (a) shear stress – strain hysteresis loop. (b) effective stress path. (c) shear 

strain versus time. (d) excess pore water pressure ratio versus time. 
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Fig. 7. Cyclic simple shear results under seismic loading condition (Hector Mine 
earthquake, Dr ≈ 50%). (a) shear stress – strain hysteresis loop. (b) effective stress 
path. (c) shear strain versus time. (d) excess pore water pressure ratio versus time. 
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records shown in Figs. 8(c) and 8(d), respectively, the dominant pulse regions produced 
Δru = 0.63 and 0.51, corresponding to approximately 63% and 51% of the total increase, 
respectively. Across the four earthquake records, the identified dominant stress pulses 
therefore accounted for approximately 51 – 72% of the pore-pressure increase leading 
to liquefaction. Following the dominant stress pulses, the lower-amplitude cycles also 
contributed to the remaining increase in ru, despite their smaller stress amplitudes, 
because the specimen has already lost most of its stiffness at this stage. 

These results indicate that the progression toward liquefaction under irregular 
seismic loading is not governed uniformly by the entire stress history. Instead, a relatively 
small number of high-demand portions of the loading history can produce a 
disproportionate increase in excess pore water pressure ratio. The remaining lower-
amplitude cycles nevertheless contributed approximately 28 – 49% of the total pore-
pressure increase, indicating that their cumulative effect should not be neglected even 
though individual contributions were relatively small. This distinction between dominant 
stress pulses and the surrounding lower-amplitude loading provides a basis for 
examining how the timing of major stress demand relative to progressive soil softening 
affects the identification of liquefaction, as discussed in Section 4.1.  

 

 

 
Fig. 8. Steep increment in excess pore water pressure ratio under seismic loading 

conditions. (a) Canterbury earthquake. (b) Kaikoura earthquake. (c) Miyagi earthquake. 
(d) Hector Mine earthquake. 
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Analysis 
 
4.1 Liquefaction criterion under seismic loading 

Liquefaction in the CSS tests was evaluated using two commonly adopted criteria: 
(1) an excess pore water pressure ratio of ru = 1, corresponding to the loss of vertical 
effective stress, and (2) a shear strain amplitude of γ = ±3.75% (Ishihara, 1993). Under 
uniform sinusoidal loading, these criteria are typically reached within a relatively narrow 
range of loading cycles as the specimen progressively loses stiffness. Under irregular 
seismic loading, however, the timing and sequence of large stress pulses can cause the 
two criteria to be reached at different stages of the loading history. 

Fig. 9 compares the input and measured shear stress histories together with the 
times at which the blue line (ru = 1) and red line (γ = ±3.75%) criteria were reached for 
the four seismic loading cases. For the Canterbury and Kaikoura records, liquefaction 
occurred after approximately the midpoint of the applied loading history (t/tTotal > 0.5), 
whereas the Miyagi and Hector Mine records reached ru = 1 before the midpoint (t/tTotal < 
0.5). For discussion purposes, these cases are hereafter referred to as late-onset and 
early-onset liquefaction, respectively. 

For the late-onset cases in Figs. 9(a) and 9(b), the ru = 1 and γ = ±3.75% criteria 
were reached at nearly the same normalized time. In contrast, a noticeable delay 
between the two criteria was observed for the early-onset cases in Figs. 9(c) and 9(d), 
with ru = 1 being reached before the strain criterion. This difference appears to be 
associated with the stress-controlled loading conditions. Once the specimen experienced 
substantial stiffness degradation at an early stage of loading, the measured stress 
response increasingly deviated from the prescribed target history, particularly during the 
subsequent low-effective stress response. As a result, shear strain developed irregularly 
and did not necessarily accumulate monotonically toward the threshold, even after the 
vertical effective stress had approached zero. 

These observations indicate that the strain-based criterion may not provide a 
consistent measure of liquefaction onset under irregular stress-controlled loading when 
severe stiffness degradation occurs early in the loading history. Accordingly, ru = 1 was 
adopted as the liquefaction criterion for the subsequent energy-based comparison in this 
study. This criterion directly identifies the loss of vertical effective stress and is therefore 
less sensitive to the post-liquefaction strain path induced by the stress-control response. 
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Fig. 9. Comparison of the liquefaction timing between ru = 1 (blue line) and γ = ±3.75% 
(red line) under seismic loading. (a) Canterbury earthquake. (b) Kaikoura earthquake. 

(c) Miyagi earthquake. (d) Hector Mine earthquake. 
 

 
4.2 Soil liquefaction criteria of seismic loading condition during cyclic simple shear test 

Following the liquefaction criterion (ru = 1) established in Section 4.1, the energy-
based method (EBM) was applied to evaluate the 0.65 scaling factor in terms of 
dissipated energy. EBM evaluates the dynamic behavior of soil based on the dissipated 
energy (W), which is defined as the area enclosed by the stress–strain hysteresis loop 
generated during cyclic loading and represents the energy dissipated through irreversible 
soil deformation, particle rearrangement, and interparticle friction (Law et al., 1990; 
Kokusho, 2013). The cumulative dissipated energy was calculated using Eq. (3) by 
summing the energy dissipated throughout the loading history. 

 

     𝑊 = ෌ ∮ 𝜏ௗ𝑑𝛾                            (3)  

 

-20

-15

-10

-5

0

5

10

15

20

0 0.5 1

Steep
increment

-20

-15

-10

-5

0

5

10

15

20

0 0.5 1

-20

-15

-10

-5

0

5

10

15

20

0 0.5 1

Steep
increment

-20

-15

-10

-5

0

5

10

15

20

0 0.5 1

In

out

ru = 1

strain

Steep
increment

Normalized Time, t/tTotal [ ]

S
he

ar
 s

tr
es

s,
 τ

[k
P

a]

Normalized Time, t/tTotal [ ]

S
he

ar
 s

tr
es

s,
 τ

[k
P

a]

γ = ±3.75%

ru = 1

Output

Input

Normalized Time, t/tTotal [ ]

Sh
ea

r 
st

re
ss

, τ
[k

Pa
]

Normalized Time, t/tTotal [ ]

S
he

ar
 s

tr
es

s,
 τ

[k
P

a]

(a)

Canterbury earthquake Kaikoura earthquake

Miyagi earthquake Hector Mine earthquake

(c) (d)

(b)

Steep
increment

Steep
increment



The 2026 World Congress on
Advances in Civil, Environmental, & Materials Research (ACEM26)
23-25, August, 2026, Convensia, Incheon, Korea

 

  

where W denotes the dissipated energy, τ the shear stress, and γ the shear strain. 
Fig. 10 presents the relationship between the excess pore water pressure ratio ru 

and the normalized cumulative dissipated energy ∑ΔWL／σ′v0, for the seismic and 
sinusoidal loading conditions. Normalizing the cumulative dissipated energy by σ′v0 
provides a common basis for comparing the seismic and sinusoidal loading conditions. 
Although the loading waveforms differ substantially, ru generally increased with 
cumulative dissipated energy for all loading conditions. This observation indicates that 
dissipated energy (ΔW) provides a common basis for comparing the progression toward 
liquefaction under loading histories having different stress amplitudes and waveforms. 
Rather than characterizing cyclic demand solely in terms of stress amplitude or number 
of cycles, the energy-based representation incorporates the stress-strain response 
accumulated throughout the loading history (Nemat-Nasser and Shokooh, 1979). 

At the onset of liquefaction, ∑ΔWL／σ′v0 differed between actual seismic loading 
and the equivalent sinusoidal loading (0.65×CSRmax). For the Canterbury earthquake, 
liquefaction occurred at 0.0056, compared with 0.0077 under 0.65×CSRmax loading and 
0.018 under CSRmax loading. For the Kaikoura earthquake, liquefaction occurred at 
0.0065, compared with 0.0074 under 0.65×CSRmax loading and 0.012 under CSRmax 
loading. For the Miyagi earthquake, liquefaction occurred at 0.0079, compared with 
0.0074 under 0.65×CSRmax loading and 0.012 under CSRmax loading. For the Hector 
Mine earthquake, liquefaction occurred at 0.0072, compared with 0.0077 under CSRmax 
loading; under 0.65×CSRmax loading (CSR = 0.06), liquefaction did not occur within Nc = 
100, and this condition was therefore excluded from the direct comparison. Table 3 
summarizes the normalized cumulative dissipated energy at the onset of liquefaction for 
all test conditions. 

 

Table 3.  Normalized cumulative dissipated energy for test case 
 

Normalized cumulative dissipated energy, 
 ∑ΔW/σ′v0 [ ] 

Seismic loading 0.65 x CSR
max

 CSR
max

 

Canterbury earthquake 0.0056 0.0065 0.0079 

Kaikoura earthquake 0.0065 0.0074 0.012 

Miyagi earthquake 0.0079 0.0074 0.012 

Hector Mine earthquake 0.0072 N/A 0.0077 

 
The differences in dissipated energy can be attributed to the different soil-

softening processes under uniform sinusoidal and irregular seismic loading. Under 
sinusoidal loading, a constant CSR is repeatedly applied as the specimen progressively 
loses effective stress and stiffness. As the specimen softens, the same applied stress 
amplitude produces increasingly larger shear strains, thereby enlarging the hysteresis-
loop area and accelerating the accumulation of dissipated energy ∑ΔWL/σ′v0 (Green and 
Terri, 2005). For example, for the Canterbury-related sinusoidal tests, increasing the 
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loading amplitude from CSR = 0.09 (0.65×CSRmax) to CSR = 0.14 (CSRmax) increased 
∑ΔWL/σ′v0 at liquefaction from 0.0077 to 0.018, corresponding to more than a twofold 
increase.  

Under seismic loading, in contrast, the stress amplitude varies throughout the 
loading history. As discussed in Section 3.2, a limited number of dominant stress pulses 
accounted for a substantial proportion of the excess pore water pressure increase, while 
the intervening lower-amplitude cycles contributed cumulatively to the remaining pore-
pressure buildup. Previous studies have similarly shown that pore-pressure development 
under nonuniform cyclic loading is strongly influenced by the sequence and amplitude of 
applied stress cycles (Wang and Kavazanjian, 1989). Once the dominant stress pulses 
substantially reduce the effective stress and stiffness of the specimen, subsequent lower-
amplitude loading acts on an already softened soil state. Consequently, only a relatively 
small additional increment of dissipated energy may be required to reach liquefaction. 
This loading sequence differs from that under sinusoidal loading, in which the maximum 
stress amplitude is repeatedly applied even as the specimen progressively softens. The 
different loading sequences therefore produce different energy-accumulation paths 
toward liquefaction. 

To quantify the agreement between the seismic and sinusoidal loading conditions, 
the normalized cumulative dissipated energy at liquefaction was compared directly. For 
the Canterbury record, the difference from the seismic-loading value was 0.0021 under 
0.65×CSRmax loading, compared with 0.0124 under CSRmax loading. The corresponding 
differences were approximately 0.0010 and 0.0056 for the Kaikoura record and 0.0005 
and 0.0041 for the Miyagi record. Thus, for the three records for which a direct 
comparison with sinusoidal loading was available, the 0.65×CSRmax condition 
consistently produced a dissipated-energy demand closer to that of the actual seismic 
loading than the CSRmax condition. The Hector Mine case showed a different tendency, 
with the energy value being close to the seismic-loading value; however, the 
corresponding condition could not be evaluated because liquefaction was not reached.  

These results provide an energy-based interpretation of the conventional 0.65 
scaling factor. This factor does not reproduce the detailed irregular seismic stress history; 
rather, under the 0.65×CSRmax condition, it generally reproduced the cumulative energy 
demand at liquefaction more closely than the CSRmax condition. This agreement indicates 
that the applicability of the 0.65 scaling factor reflects the differing soil-softening and 
energy-dissipation processes between irregular seismic and uniform sinusoidal loading. 
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Fig. 10. Excess pore water pressure ratio versus normalized cumulative dissipated 
energy for seismic and sinusoidal loads. (a) Canterbury earthquake. (b) Kaikoura 

earthquake. (c) Miyagi earthquake. (d) Hector Mine earthquake. 
 
5. Conclusion 

 
This study evaluated the applicability of the conventional 0.65 scaling factor using 

cyclic simple shear tests under actual seismic loading, CSRmax sinusoidal loading, and 
0.65×CSRmax sinusoidal loading. The energy-based method was used to compare 
different loading conditions based on cumulative dissipated energy. The main findings 
are summarized as follows: 

• Seismic loading produced irregular stress-strain and pore-pressure responses 
compared with the relatively uniform response under sinusoidal loading. Dominant 
stress pulses accounted for approximately 51–72% of the excess pore water 
pressure increase prior to liquefaction, indicating that pore-pressure generation was 
strongly affected by the loading sequence. 

• The ru = 1 and γ = ±3.75% criteria showed similar liquefaction timing for the late-
onset cases, whereas a clear difference was observed for the early-onset cases. 
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Accordingly, ru = 1 was adopted as the liquefaction criterion for the subsequent 
energy-based comparison because it provided a more consistent indication of the 
loss of vertical effective stress under irregular stress-controlled loading. 

• The evolution of soil softening strongly influenced the cumulative dissipated energy 
at liquefaction. Under sinusoidal loading, the repeated application of a constant 
stress amplitude to the progressively softened specimen resulted in increased 
shear strain and energy dissipation, whereas under seismic loading, dominant 
stress pulses substantially reduced the soil stiffness and subsequent lower-
amplitude loading required only a limited additional energy increment to reach 
liquefaction. 

• For the Canterbury, Kaikoura, and Miyagi records, the normalized cumulative 
dissipated energy under 0.65×CSRmax loading was consistently closer to that under 
the corresponding seismic loading than under CSRmax loading. These results 
support the practical applicability of the 0.65 scaling factor under the tested 
conditions and suggest that its effectiveness can be interpreted in terms of the 
different soil softening and energy-dissipation processes under irregular and 
uniform cyclic loading. 

The present findings are limited to the tested sand, relative-density range, initial 
effective stress, and selected earthquake records. Further investigation under a wider 
range of soil and loading conditions is needed to evaluate the broader applicability of the 
observed energy-based response. 
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