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ABSTRACT 
 
   We elaborate on the cross-sectional deformation of carbon nanotubes embedded 
into a self-contracting host medium. The continuum elastic approach is used to 
formulate the mechanical energy of both the embedded nanotubes and the 
self-contracting outer medium with finite thickness. Our formula allows us to evaluate 
the critical buckling pressure applied on the interface between the embedded nanotube 
and the outer contracting medium as well as the wavy-shaped novel buckling modes 
that arises immediately above the critical pressure. An interesting mechanical 
implication of the embedding effect is deduced by the theoretical approach established.  
 
1. INTRODUCTION 
 

The salient structural feature of a carbon nanotube is its self-repairing behavior that 
arises under high-energy beam irradiation (Shima 2013) kinetic energy transferred from 
the incident beam to the atoms are pushed away from the incident beam to the atoms 
are pushed away from the original equilibrium positions, leaving vacancies in the host 
hexagonal lattice (Krasheninnikov 2010 and Osv´ath 2005) . 

The spontaneous shrinkage in the radial direction is a result of the knock-on collision 
of carbon atoms followed by annealing reconstruction of the vacancies. This 
experimental finding implies that when the outermost carbonwalls of an MWNT are 
eroded selectively by irradiation, the self-contraction of the outermost walls exert high 
pressure on the encapsulated, undamaged innermost walls (Guo 2007, Xu 2008 and 
Yang 2009) . Application of high pressure may then trigger a novel class of 
cross-sectional transformations of then inner walls (Shima 2010) , similar to the case of 
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pristine (irradiation-free) MWNTs under hydrostatic pressure (Shima 2008 and Shima 
2009) . 

In this article, we establish the continuum elastic approach that describes the 
cross-sectional deformation of carbon nanotubes surrounded by a self-contracting host 
medium. The mechanical energy of both the pressurized nanotubes and the contracting 
medium with finite thickness are formulated using thin-shell theory. The obtained 
formula allows as to evaluate the critical radial pressure applied on the interface 
between the inner nanotube and the outer medium.  
 
2. METHODOLOGY 
 

The stable cross-sectional shape of the embedded tube is obtained by minimizing its 
mechanical energy U  per unit axial length (Shima 2008). 
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represents the deformation energy of the embedded nanotubes. iI and iB are, 
respectively, in-plane and bending-induced strains of the ith wall, and  is the 
circumferencial coordinate. For Eq. (2), we supposed that each ith wall had a radius ir
prior to cross-sectional deformation and that the deformation caused a displacement 

),( iii vux  of a volume element of the ith wall at ),( ir in the polar coordinate 
representation. The two strain terms iI and iB are described in terms of the 
displacement components by Shima 2009. 
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where   . 
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II UU , in Eq. (1) accounts for the vdW inter action 

energy, which determines the equilibrium distance between adjacent concentric walls. 
In accordance with the result of Lu 2009, we definite the interaction energy by  
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The final term  in Eq. (1) is the negative of the work done by p during 
cross-sectional deformation; it can be written as (Shima 2008) 
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Our objectives are to determine (i) the optimal displacements iu and iv that minimize 
U under a given value of p and (ii) the critical pressure cp . Applying the variation method 
to U  with respect to iu and iv , we obtain a system of N2 linear differential equations in 
regard to )( iu and )( iv . 
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Substituting the expansions into the differential equations results in the matrix equation
0uM . As a result, the secular equation 0)det( M  is rewritten by  

0)det()det( 21  nn MM                       (7) 
Solving Eq. (7) with respect to p , we obtain a sequence of discrete values of p . Among 
these values of sp , the minimum one serves as the critical pressure cp that is associated 
with a specific integer k . 

The remaining term, MU , in Eq. (1) is the elastic energy of the eroded medium 
surrounding the inner part of the nanotubes. In polar coordinates, the radial and 
circumferential components of normal stress in the medium are denoted by r and  , 
respectively, and the shear stress is denoted by  r ; all three quantities are functions of 
r , and  . Then, mU is determined by r and  r  at Nrr   as 

 (8) 

 
3. RESULTS AND DISCUSSIONS  
 

 

Fig. 1  Critical pressure cp for cross-sectional deformation    
 

Fig.1 shows the critical pressure pc required for the cross-sectional deformation of 
embedded carbon nanotubes. Different types of curves in the plots (dashed, 
dashed-dotted, and solid) correspond to different values of Young‟s modulus ratio EEm , 
where 1E TPa is assumed to be the nanotube‟s modulus. We found that, independent 
of the EEm  value, the cp curves are upward convex as functions of the medium 
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radius mr in units of Nr . The growth of pc is rapid for 2Nm rr , and then, is saturates for 
larger Nm rr . The rapid growth in pc indicates a „hardening effect‟ caused by the 
surrounding medium, I.e. an enhancement in the radial stiffness of the embedded 
nanotube by encapsulation. This hardening effect disappears with a further increase in 

Nm rr ; the results imply that the surrounding medium with thickness Nm rr 5 no longer 
enhances the hardening effect and thus can be identified as a medium with infinitely 
large thickness( mr ), which is the case considered in our earlier work (Shima 2010) 

 

 
Fig. 2  Mode indexn of the radial corrugation  

 

Fig.2 provides the index of radial deformation modes observed immediately above cp . 
Successive transformation of deformation modes with increasing medium thickness mr
was confirmed, as a result of the energy required to deform the surrounding medium 
needed to be responsible for determining the stable corrugation pattern of the 
embedded nanotube. 

 
Fig. 3  Double logarithm plot of the critical pressure cp  

 

  Fig.3 shows the cp dependence on the modulus ratio )/( EEm , where the radius ratio

Nm rr / is fixed to be 0.51.1 or . An unexpected result is that, for every choice of
andN , the cp curves in this plot obey a function that is close to a power law, represented 
by 
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4. CONCLUSION 
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We have demonstrated a continuum elastic approach that describes the 

cross-sectional deformation of carbon nanotubes surrounded by a self-contracting host 
medium. The approach enables quantitative discussions of the critical pressure for 
radial corrugation and the stable corrugation mode of the nanotube surrounded by the 
contracting medium. Numerical calculations based on the established theory revealed 
the power-law dependence of the critical pressure on the elastic modulus of the medium, 
which is independent of the medium thickness. 
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