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ABSTRACT 
 

A problem of modeling error often prevents applications of the finite element (FE) 
analysis from detailed studies in civil engineering. In this study, a FE parameter 
updating is proposed for refining a FE model of a simple structure. Updating model 
parameters is performed as the minimization problem of differences in dynamic 
characteristics between analytical responses and measurement. Stochastic subspace 
identification is employed to estimate dynamic characteristics of an actual structure with 
high accuracy. In the simulation, the proposed method shows the performance of 
effective updates of dynamic characteristics of the model; the updated model shows a 
good agreement with actual characteristics. 
 

1. INTRODUCTION 
 

Finite element (FE) analysis is effective and helpful to simulate behaviors for 
assessing a capacity of a structure, and the reliability of its solution depends on the 
accuracy of modeling. FE model of a structure is generally built based on its design and 
structural condition; modeling, however, often encounters an accuracy problem since an 
actual structure has uncertainty due to its complex conditions. Modeling error often 
prevents applications of FE analysis from detailed studies such as the capacity 
assessment of a bridge in operation, the state monitoring under constructions, the 
analytical investigation for damage and deterioration (Jian et al. 2013). The model 
updating is an effective technique to manage such a problem (Friswell et al. 1995). 
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The principle of the model updating in this research is to refine a FE model by 
updating its model parameters with referring to the actual response of the target system. 
An actual structure has various kinds of structural uncertainties, for instance, material 
property, quality of member production and construction, structural boundaries, and 
environment conditions including loads (Buonopane 2008, Zhang et al. 2012). For 
achieving a model refining, one of challenges is how to obtain a reliable structural state. 
Dynamic structural response is relatively manageable to be obtained by vibration 
measurement such as ambient vibration test and impact vibration test, even though it is 
generally difficult to precisely acquire structural response of a large-scale civil structure. 
Furthermore, a variety of system identification techniques have been proposed in the 
field of vibration-based structural health monitoring. In particular, the stochastic system 
identification with using only structural response, so-called ‘output-only identification’, 
can reliably and efficiently represent the system’s dynamic behavior (Peeters and Roeck  
2001). 

Another challenge is how to update model parameters efficiently. The optimization 
computation is well-known as an effective approach for automatically updating 
parameters (Friswell et al. 1995). The model updating process is considered as an 
optimization problem which estimates suitable geometrical properties, material 
properties and boundary conditions minimizing the difference between results of FE 
analysis and measurement. Numerous optimization techniques for FE model updating 
have been proposed, for instance, genetic algorithm; prarticle-swam optimization, 
simulated annealing and the mathematical method; response-surface method; Bayesian 
approach and neural networks (Marwala et al. 2010). 

In this study, the vibration-based FE model refining technique is developed by 
combining the optimization computation with the stochastic subspace identification. 
Updating model parameters is performed as the minimization problem of differences in 
dynamic characteristics between analytical responses and actual responses acquired 
by measurement. Stochastic subspace identification is employed to estimate accurate 
dynamic characteristics of the actual structure. Global frame of model updating consists 
of FE analysis and optimization computation. Each process is operated with FE software 
Marc and optimization algorithm coded in MATLAB, respectively, and they are 
seamlessly connected with each other in an automated manner. 
 
2. METHODOLOGY DEVELOPMENT 
 

2.1. Formulation as optimization problem 
The objective function is a key in the optimization calculation. In this study, FE 

model updating is conducted by using dynamic characteristics estimated from 
acceleration response of an actual structure by system identification. Modal frequencies  
of several modes are introduced into the objective function to evaluate the difference 
between analytical response and actual one; modal frequencies can be most reliably 
estimated compared to other dynamic characteristics such as damping ratios and mode 
shapes. The objective function is defined as Eq. (1).  

 

 𝐽(𝐱) = ∑ (
𝑓𝑎𝑖(𝐱) − 𝑓𝑚𝑖

𝑓𝑚𝑖
)

2𝑛

𝑖

 (1) 



  

where, 𝑓 is modal frequency, 𝐱 is vector of updated FE model parameters, subscript 𝑖 
is the order of mode, 𝑎 and 𝑚 represent analytical and measured values, respectively. 
Identical FE model provides zero by the equation. The equation becomes zero when 
analytical and measured natural frequencies are identical. 
 

2.2. Estimating dynamic characteristics 

In this study, Stochastic subspace identification (SSI) is used to estimate dynamic 

characteristics of an actual structure. SSI estimates state variable 𝐱𝑘 and state space 
model by mathematical calculation of linear algebra with using observed response 
output data. 

An 𝑛th order linear time-invariant dynamic system under stochastic excitation can 
be represented in a form as below, 

 

 𝐱𝑘+1 = 𝐀𝐱𝑘 + 𝐰𝑘 (2) 

 𝐲𝑘 = 𝐂𝐱𝑘 + 𝐯𝑘 (3) 

 

where, 𝐱𝑘 ∈ 𝐑𝑛×1and 𝐲𝑘 ∈ 𝐑𝑚×1 are state and output vectors at the kth time step, 
respectively. The matrices 𝐀 ∈ 𝐑𝑛×𝑛 and 𝐂 ∈ 𝐑𝑚×𝑛 are the system and observation 

matrices, respectively. The vectors 𝐰𝑘 ∈ 𝐑𝑛×1 and 𝐯𝑘 ∈ 𝐑𝑚×1 represent the process 
and measurement noises, respectively. 

The theoretical basis of SSI consists in estimating the state vector sequence and in 
using such a sequence to extract the dynamic properties of the system. Given state 

vector estimates 𝐱̂𝑘; where 𝐱̂𝑘 denotes an estimation of the state vector 𝐱𝑘 at the kth 
time step. The forward innovation can formulate the following equation from Eq. (2) and 
(3) (Overschee and Moor 1996).  

 [
𝐗̂𝑘+1

𝐘𝑘|𝑘
] = [

𝐀
𝐂

] 𝐗̂𝑘 + [
𝝆𝑤

𝝆𝑣
] (4) 

 

Where, 𝐗̂𝑘 and 𝐗̂𝑘+1 are estimated state matrix and 𝐘𝑘|𝑘 is observed response matrix. 

𝝆𝑤  and 𝝆𝑣  are corresponding terms of modeling error and observation error 
respectively. Eq. (4) can be solved by least square method because 𝝆𝑤 and 𝝆𝑣 have 

no correlation to the estimated stat variable 𝐗̂. The system matrix and the observation 
matrix are obtained as Eq. (5), then the system matrix 𝐀 provides modal frequencies 𝑓. 
 

 [
𝐀
𝐂

] = [
𝐗̂𝑘+1

𝐘𝑘|𝑘
] 𝐗̂𝑘

#
 (5) 

 

where, ( ∙ )# denotes pseudo-inverse. 
 
  



  

2.3. Model updating procedure 
Fig. 1 shows the procedure of FE model updating in this study. First, the initial FE 

model with design value is developed and its eigenvalue analysis is conducted to obtain 
natural frequencies. On the other hand, natural frequencies of the real structure are 
estimated from measured acceleration by SSI. By using them, the value of objective 
function is calculated. Iterative analysis is carried out with updating FE model 
parameters by Quasi-Newton Method (BFGS method) until the value of objective 
function converges. To stop the calculation when the change of the value of objective 

function becomes small enough, the convergence condition is defined as |∆𝐽| < 1.0 ×
10−8. MSC.Marc: finite elements analysis software is used for modeling and eigenvalue 
analysis. MATLAB: numerical analysis software is used for coding optimization 
procedure. 
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Fig. 1 Flowchart of the FE model updating procedure in this study 
 
 

3. VERIFICATION BY EXPERIMENTS 
 

3.1. Target system and condition 
An experiment using five-story rigid frame structure was carried out to confirm the 

validity of the proposed method. Fig. 3 shows the design value and appearance of the 
five-story rigid frame used for the experiment. 

The natural frequency of this structure was estimated from acceleration observed 
by accelerometers on the top of each story. The acceleration was caused by exciting 
force to the top of the model by hand. Fig. 4 shows the observed acceleration at the top 
and Table 1 shows the estimated natural frequencies of the structure. 

The initial FE model was developed based on the design value shown in Fig. 3. 
However, the mass density of the slab is changed from the value of general aluminum to 
consider the weight of the accelerometers. Fig. 2 shows the summary of the initial FE 
model.  
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Fig. 3 Design value and appearance of the experimental model 

 
 

 
 

Fig. 4 Waveform of Acceleration at top story 
 

Table 1 Estimated natural frequency of the experimental model [Hz] 
 

1st Mode 2nd Mode 

2.2198 6.6718 
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General of FE model 

Element 3D Shell 

Young’s Modules 70.3 kN/mm2 

 
Mass density [kg/mm3] 

Wall 2.70×10-6 

Slab 3.87×10-6 

 
Plate thickness [mm] 

Wall 1.0000 

Slab 5.0000 

 
Support condition 

DX DY DZ RX RY RZ 

Fixed Fixed Fixed Fixed Fixed Fixed 
 

 
Fig. 5 Summary of the initial FE model 

 
3.2. Selection of FE model parameters 
In a real structure, differences of geometric properties between real value and 

design value seem to be caused by damage or manufacturing error. On the other hand, 
the differences of the material properties like a Young’s modules between the real value 
and design value are generally small. Therefore, the factors of difference of dynamic 
characteristics between analysis and measurement can be regarded as differences of 
geometric properties. Considering them, the FE model is refined by updating geometric 
properties of each elements in this research. Table 2 shows the summary of the updated 
variables and its objects. 

 
3.3. Results of the FE model updating 
Fig. 6 shows the change in the value of objective function with FE model updating. 

The value of objective function decreases with updating parameters and calculation was 
finished with satisfying the convergence condition. Table 3 shows the natural 
frequencies of FE model and experimental model. To compare the difference of natural 
frequencies between FE model and experimental model before and after updating, error 
ratio of natural frequency is defined as Eq. (6). 
 

 𝜀𝑓 =
|𝑓𝑎𝑖 − 𝑓𝑚𝑖|

𝑓𝑚𝑖
× 100　(%) (6) 

 

where, 𝑓 is natural frequency, subscript 𝑖 is order of mode, 𝑎 and 𝑚 are analytical 
and measured value. 

 
  



  

Table 2 Summary of the updated variables 
 

Variable No. Object Initial Value [mm] 

x1 thickness of the left wall (1st story) 1.0000 
x2 thickness of the left wall (2nd story) 1.0000 
x3 thickness of the left wall (3rd story) 1.0000 
x4 thickness of the left wall (4th story) 1.0000 
x5 thickness of the left wall (5th story) 1.0000 

x6 thickness of the right wall (1st story) 1.0000 

x7 thickness of the right wall (2nd story) 1.0000 
x8 thickness of the right wall (3rd story) 1.0000 
x9 thickness of the right wall (4th story) 1.0000 
x10 thickness of the right wall (5th story) 1.0000 
x11 thickness of the slab (1st story) 5.0000 
x12 thickness of the slab (2nd story) 5.0000 

x13 thickness of the slab (3rd story) 5.0000 
x14 thickness of the slab (4th story) 5.0000 
x15 thickness of the slab (5th story) 5.0000 

 
 

Fig. 7 shows the error ratio of natural frequency before and after updating. In Fig. 7, 
the error ratio of natural frequency before updating is 16.824% in 1st mode and 
12.825% in 2nd mode. However, it becomes 0.004% in 1st mode and 0.003% in 2nd 
mode after updating. From Fig. 7, the error ratio of the natural frequency decreased in 
each modes after updating. That indicates the updated model reproduces almost 
equivalent dynamic characteristics of the experimental model. 

 

 
Fig. 6 Change process of objective function with updating  
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Fig. 7 Error rate of natural frequency before and after updating 

 
Table 3 Natural frequency of the model before and after updating [Hz] 

 

Mode 
FE Model 

Measurement 
Before updating After updating 

1 2.5933 2.2197 2.2198 

2 7.6290 6.7616 6.7618 

 
Furthermore, the thickness of each element in FE model and experimental model 

were compared. The thickness of each member in the experimental model was 
measured by using micrometer at 10 points in each member and representative value of 
each plate is defined by the average of these values. Fig. 8 shows the measured point of 
the plate thickness. 
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Fig. 8 Measurement point of thickness and width of the each members 
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Table 4 Thickness of the elements [mm] 
 

Variable 
Initial Value 

[mm] 
Updated 

[mm] 
Change 

[%] 
Measured 

[mm] 

x1 1.0000 0.8643 -13.57 1.0049 
x2 1.0000 0.9148 -8.52 0.9999 
x3 1.0000 0.9279 -7.21 1.0039 
x4 1.0000 0.9443 -5.57 1.0038 
x5 1.0000 0.9752 -2.48 1.0033 

x6 1.0000 0.8643 -13.57 1.0014 

x7 1.0000 0.9148 -8.52 1.0003 
x8 1.0000 0.9279 -7.21 0.9973 
x9 1.0000 0.9443 -5.57 0.9954 
x10 1.0000 0.9752 -2.48 0.9982 
x11 5.0000 5.0080 +0.16 5.0092 
x12 5.0000 5.0385 +0.77 5.0082 

x13 5.0000 5.0352 +0.70 5.0012 
x14 5.0000 5.0434 +0.87 5.0025 
x15 5.0000 5.0845 +1.69 5.0081 

 
Table 4 shows the thickness of the FE model before and after updating and 

measured thickness of the plate in experimental model. In Table 4, the updated value 
has differences from the design value. Therefore, the differences between the real value 
and design value were inferred from the updated value. However, the difference 
between the real size of the member in experimental model and design value was small. 

As the result of experiment, the natural frequencies of the updated model and 
experimental model were almost matched. However, the updated FE model parameters 
and the measured value of the experimental model were not matched. As a factor of this 
result, differences of other properties: like a Young’s modules, mass density or joint 
conditions between FE model and experimental model are inferred. To obtain the good 
updated variables, these FE model parameters must be taken into account. 
 
4. CONCLUSIONS 
 

In this study, a method for refining FE model by employing system identification 
method was proposed as fundamental study on refining FE model. The result of 
simulation by using five-story rigid frame experimental model showed the performance 
of effective updates of dynamic characteristics of the model; the updated model showed 
good agreement with actual characteristics. As future works, the material properties: 
mass density and Young’s modules must be considered as design variables because 
the natural frequency depend on these properties. Furthermore, the updated variables 
by system identification method and existing dynamic characteristic estimation methods 
must be compared to confirm the validity of the proposed method. 
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