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ABSTRACT

The gray problem of displacement constrained topology volume minimization under
multiple load cases still is an opening topic of research. In this paper, a novel
displacement constrained optimization approach for black and white structural topology
designs under multiple load cases, is proposed to obtain a series of topologies with
clear profiles. Firstly, a distribution feature of constraint displacement derivatives is
investigated. Secondly, an adaptive adjusting approach of design variable bounds is
proposed, and an approximate model with varied constraint limits and a volume
penalty objective function are constructed. Thirdly, an improved density-based
optimization method is proposed for the displacement constrained topology volume
minimization under multiple load cases. Finally, several examples are given to
demonstrate that the results obtained by the proposed method provide a series of
topologies with clear profiles during an optimization process. It is concluded from
examples that
the proposed method is effective and robust for generating an optimal topology.

1. INTRODUCTION

Although the displacement constrained optimization problem is related with
stiffness optimization problems to a large extent, the stiffness optimal design is not the
same as the optimal displacement design. The stiffness optimization increases the
structural overall stiffness and thus the displacements are roughly reduced as an
indirect effect. Despite vast researches on stiffness optimization, the displacement
constrained continuum topology optimization is found in relatively less literature (Yin et
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al. 2001, Deng et al. 2015). To the best of our knowledge, the gray problem of
displacement constrained topology volume minimization under multiple load cases still
is an opening topic of research. Moreover, a series of topologies with clear profiles can
not be obtained by the aforementioned density-based methods during an optimization
process. A basic feature during the process of obtaining a series of topologies with
clear profiles, is that the topology variables of only a few of elements are allowed to
change within a large range at each iteration step. However, a lot of simulations
demonstrate that Lagrange multipliers of the conventional approximate SIMP model
(Yin et al. 2001) all are zeros at the many beginning steps in this kind change fashion of
design variables (i.e., relative density variables), if the maximum design domain filled
with solid material is selected as its initial design. At this case, design variable changes
of the conventional approximate model are not affected by the static equations at the
many beginning iteration steps because of the Karush-Kuhn-Tucker (KKT) condition
action (Nocedal and Wright 1999). Therefore, in view of the fact, the displacement
constrained optimization problem basically is different from the maximization problem of
a structural overall stiffness subject to the volume constraint. Moreover, for some
structures such as an aircraft wing, the displacements of the exterior surface should
remain within a certain limit in order to maintain the aerodynamic performance.

To obtain a predominantly black-and-white optimal topology along the
approximate binary path of the structural topology optimization, an improved
displacement constrained topology optimization method of continuum structures is
proposed.

2. Interpolation functions of the element volume and stiffness matrix

In this paper, the binary topological variable p,(i.e., relative density) is replaced by
the continuous topological variable p, that varies between p™" 000001 and 1. The
volume and stiffness matrix expressions of a structural element are given as follows:

Vi = fv(ﬁ)vio’ K'= fi (pi)K:) (1)
where v, and K' are the volume and stiffness matrices of the ith element,
respectively. And v®and K} are the original volume and stiffness matrices of the ith
element, respectively. p, is the topology variable of the ith element. And f,(p) and
f.(p;) denote the interpolation (identification or penalty) functions of the volume and
stiffness matrices of the ith element, respectively.

Being referred to the RAMP model (Stolpe and Svanberg 2001a), interpolation
functions f,(p,)=p; I(1+v@1-p;)) andf, (p)=p> are selected. Being referred to Eq.(18)

of Wood et al. (2010), «, <10 denotes the penalty parameter, and a penalty is
introduced into the volume objective function. Some references (Stolpe and Svanberg
2001a, Wood et al. 2010 and etc.) showed that v=6.0 and «,=08 are appropriate
for obtaining an optimal topology. And »=6.0 and ¢, =08 are also used in this paper
examples.

3. A structural optimization model and its novel approximate model
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3.1 Problem statement

In this study, a fixed maximum finite element mesh is adopted. Structural elements
can be categorized into two kinds: (a) designable elements and (b) non-designable
elements. The non-designable element numbering may be expressed as i, p=12-,P

its topological variables , p=12..p do not change during the optimization process,

and p is the number of the non-designable elements. The designable element
numbering may be represented by n,q=12--,Q, and Q is the number of the

designable elements. The displacement constrained optimization problem is formulated
as follows.

. Q P
min V=3 p5V + ¥ paV,°
gt e e e (2)
st Jule, @] <U; §=120901 212, L

K(p) u'(p)=F'
prr]:rn Spnq Sl,q=1,2,--',Q

where v is the structural volume, and vy and ve are the original volumes of the n, -
th element and the i -th element, respectively. k() is the structural total stiffness
matrix , F' is the Ith load acting on the structure, and u'(p) is the displacement
vector under the Ith load case. And L is the number of the load cases. ke, () is the
displacement at the nc,-th degree of freedom of the structure under the Ith load
case. And u; is the constraint limit of the jth displacement constraint.; is the number
of the displacement constraints for each load case. Pn, is the gth topological variable,
and ,mn is its lower limit, and ,mn_goo001 IS UsSed in the examples of this paper. In

order to deal with the checkerboard problem of topology optimization, a displacement
sensitivity filtering approach is adopted to modify displacement sensitivities.

3.2 An improved approximate model with varied constraint limits
An approximate optimization model of the model (2), is constructed as follows:
min % P VANATAL
g=t * ¢

'(0), j=12,---,3;1=12,--- L)k =12,--- (3)

s.t.

O, (0)]/|urs’| <0
Pr <P, £19=12-,Q

where ‘Jch(p)‘ denotes a one-order Taylor series expansion of \U'ch (p)‘ at pl,9-12,Q,
and \urgv
]

displacement limit g® at the kth iteration is introduced and expressed as

is its initial value, and v© is the initial design structural volume. The varied

G}k)=LTj‘k’, j=1--3; k=1 (4a)
_ max (_]“‘),Ufk) | it max (U <V,
U}k) = o =2t Lj=1-,0:k=23 (4b)
min (T®,4%) Ui >U,
1=1,2
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where, U®and U® are given by use of following formulas.

- min(( max (ukékj—l))+ﬁlnjujj,ujj, max u:“éoj))sUj
Uj(k) fi=Le, 3tk =12, (53)
e (( max (Ui - ﬁmJU,) )
1=1,2
; min((J¢ 1)+ﬂ1nJU,) )it max(uih=u,
. Ci=Lee Jik =23, (5b)
ma)( U Y ﬂanUJ) J)’ (0))>Uj
m|n u )
= min Vi It 1.5} j=1--3 (5¢)

1,(0)
uNCl

=1, L] 12 J )
where ¢ is the displacement at the ne,-th degree of freedom of the structural
topology obtained at the (k-1)th outer loop iteration step under the Ith load case. »; is
a displacement limit ratio factor, and »;>10 for j=12..J.p is a displacement limit

empirical parameter, and one value of [0.002,0.012] is selected as p in the examples

of this paper. Here, the varied displacement limit scheme given by Eqs(4,5) is different
from the varied limit scheme proposed by Rong et al. (2010,2011). For example, for

j=12,--,J, there always

exists a limited integer number k, (k,e{L2---,k,--}, and k, is a constant for the

prescribed p and displacement limits U,,j=12,---,J ) so that the following equation

(6a,b) can be guaranteed by adopting the varied displacement limit g® in Eq.(4a,b)
and Eq.(5a,b) .

U =-=U0f?=yf>..>u>u>uf?>...50P>0" j=1..3 (6a)

Qg ==, 41 = Q) 2 2 Quesny 2 Qi) 2 Quiyy - D Q) D Q) (6b)

where @, (k=>1) denotes the feasible domain of the approximate optimization model

(3) at the kth iterative step in Fig.1.
Now, the feature of the model (3) is introduced. Fig.1 gives a simple interpretation

of optimization iteration solutions for the model (3) when max (‘u'h;(co?‘)suj =12+,
1=1,2,--,L !

p“™ p®and p®*P k>2in Fig.1, respectively, represent the solutions obtained by
adopting the proposed method at the (k-1)th, kth and (k+1)th iteration steps. And Q,
and p® represent the feasible domain and an optimal solution of the original
optimization model (2) in Fig.1, respectively.

The feasible domain Q;, of the original optimization model (2) may be divided
into a feasible domain Q4 and a non-feasible sub-domain (Q,-9Q,) of the

approximate model (3) at the kth iteration step because Eq.(6) is satisfied. Namely, a
feasible sub-domain (Q4 -Q,) of the original model (2) may become a non-feasible

sub-domain of the approximate model (3) at the kth iteration step. And a non-feasible
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sub-domain (.4 -Q() of the approximate model (3) at the kth iteration step may

become a feasible sub-domain of the approximate model (3) at the (k+1)-th iteration
step.

pz A

0 >

Fig.1 A simple illustration of optimization iteration solutions for the model (3)
Therefore, the varied displacement limit parameter g of the EQ.(4,5) may be

manipulated to make that the model (3) possesses a smaller feasible domain
shown in Fig.4 than the model (2). The optimal solution within o and the next

iteration solution p" of the model (3) will fall in a smaller local feasible domain
Q) —Qkay) Shown in Fig.1 at the kth iteration step because of the volume

minimizing requirement, the varied displacement limits in Eq.(4,5), and the features of
displacement derivatives. It is found from simulations that the approximate model (6)
with more tight displacement constraints at all iteration steps, the smaller local feasible
domain Q,, and the features of displacement derivatives, can provide very strong

effect to enhance the robustness of an optimization process and black/white
distributions of a series of topologies obtained.
Moreover, for max (uhg’?‘)suj or  max (‘U'N‘CO_)‘)>UJ., it can easily be found from
1=1,2,---,L ) 1=1,2,--, L i
Eqgs.(4-6) that the feasible domain of an approximate optimization model after a limited
iteration step (such as ,) of an optimization process, is completely coincided with the

feasible domain of the original model. If a mathematical programming algorithm is
adopted to solve the models (3), the convergence of the algorithm for the approximate
model (3) may completely be determined by the algorithm performance. The scheme of
the Egs.(4a,b) and Eqgs.5(a,b), is a modification of the varied limit scheme proposed by
Rong et al. (2010,2011).

3.3 An adaptive approach of adjusting design variable bounds

3.3.1 The case of at least one non-zero Lagrange multiplier

Gradient-based optimization algorithms that rely on nonlinear but convex
separable quadratic approximation functions, have been proven to be very effective for
large-scale structural optimization (see, e.g. Groenwold et al. 2009). Fleury (1989)
proposed a SQP (Sequential quadratic programming) method that uses diagonal
Hessian information only. The conservative convex separable approximation (CCSA)
framework proposed by Svanberg (1987) may be used to ensure a global convergence

5
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and termination. Wood and Groenwold (2010) investigated the topology optimization
problem with SIMP-like volumetric penalization, in which minimum compliance is
sought subject to a single concave constraint on the volume. They showed that it is
sometimes possible to solve non-convex problems directly using a dual method. They
also concluded that the presence of the concave constraint may increase the difficulty
of the problem dramatically if one employs a method based on strictly convex
approximations. Their numerical results exhibited large-scale oscillatory behaviors of
physical quantities during an optimization process unless an additional external move
limit was applied.

Moreover, az‘u'ch (p)‘/@(pnq)z at some design points with partial small topology

variable values, may be negative. Namely, the quadratic Taylor series expansion of
‘ukcj (p)‘ with respect to topology variables may be a non-convex function in a small

region of some design point with partial small topology variable values. If separable
strict convex quadratic approximations of the constraints |ulc, (o) juy®| <0 Jui?|

replace displacement constraints of the model (3), Eq.(6b) can not be guaranteed by
these approximation constraints, when a lot of elements of the optimized structure
possess small topology variable values.

Here, topology variables are selected as design variables, and the varied
constraint limit scheme of the Egs.(4,5), and one-order Taylor series expansions of
displacement constraints are adopted in the approximate model (3). Namely, the
approximate model (3) replaces the model (2) at each iteration step. However, the
approximate displacement constraint functions and the objective function of the model
(3) do not possess strong controlling ability of the topology variable changes. Some
simulations also demonstrate that the approximate model (3) still do not completely
possess the two performances aforementioned (at least one non-zero Lagrange
multiplier in Eq.(7) ) , and also can not satisfy the requirement aforementioned in
Section 3.2 at the most iteration steps.

Une’ (")

Q . L J - ~
L(p,k): qZ_;anqVVnz VO + z Zﬂv(l—l)xhj ( uhlch (P)‘ -U J(k))/ ;

I=1j=1

Therefore, in order to simply obtain a series of topologies with clear profiles during
an optimization process, except that the approximate model (3) is adopted, change
restrictions of the design variables are given so that the approximate model (3)
possesses the two performances and the requirement aforementioned in Section 3.2 at
the most iteration steps. Generally speaking, the change region [x-,x’] of any design
variable x in trust region optimization methods, may be determined by using the

objective and constraint function values and their derivative values at continuous
several iteration steps (Tang 2014). Here, in order to effectively and simply construct
trust regions of a lot of design variables, a novel trust region scheme being different

from that of the paper published by Rong et al. (2016) , is proposed.
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(a) The basic characteristics of an optimal solution

It is assumed that {n.n,,---n,--nof is denoted by a set Q. When a structural

optimization solution has evolved its optimal state, Eq.(8) should approximately be
satisfied according to the KKT condition, and the approximate model (3) should
possess at least one non-zero Lagrange multiplier ( because of a non-zero volume
derivative for any element with a topology variable value being close to 1.0). Therefore,
increasing the topology variables of some design elements with the most minimum
values of ‘GL(p,l)/ﬁpnq in Eq.(8) within Q, and reducing the topology variables of some

design elements with the most minimum values of ‘GLca(p,l)/ﬁpnq in EQ.(9) within Q,

will be beneficial to obtaining the optimal topology .

oL(p,2)10 py, 0.0, ngeQ (8)
LJ

aLca(p’;")/apnq r Izl_zlﬂ“(l—l)x.]ﬂ (6 ‘U:\ch (P(k_l))‘lapnq )/‘u:\ig) (9)
=1j=

where, L(p,2) is the Lagrange function of the model (3), and L,(p.2) is called as the
Lagrange penalty function of the model (3).

(b) A novel trust region scheme

When there exists at least one non-zero Lagrange multiplier at the previous
iteration step, i.e. the (k-1) iteration step, 1,.,.,,;,i=12--,J;1=12,--,Lin the Egs.(8,9) are
replaced by the Lagrange multipliers A4 ;. (j=12---,J;1=12---,L) obtained at the (k-

1)th iteration step.
At first, a small empirical parameter o, is prescribed, and a value of [0.003,0.012]

is adopted as ¢&,. At each iteration step, the set Q with Q design elements, is divided
into following four sub-sets:

Constructing a design element subset Q,_with int (5, xQ) _elements

Topology variables of elements in the subset Q, all are bigger than 0.01, and will
be reduced, and these int (5, xQ) elements possess the most minimum values of

‘aLca(p,/l)/ﬁpnq in EQ.(9) within Q.
Forming a design element subset Q,_with int (5, xQ) _elements

Topology variables of elements in the subset Q, all are between 0.01 and 0.999 ,
and will be increased, and these int(5,xQ) elements possess the most minimum
values of [oL(p.2)i0p,| in E.(8) within (Q-Q,).

Constructing another design element subset Q,

All elements in the subset Q, belong to the subset (Q-Q,-Q,), their topology

variables all are below 0.999, and will be changed.
Forming the fourth element subset Q,

3
Q,=Q-vQ is set, and topology variables of elements in the subset Q, all are

held as constants at the current iteration step.
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At least one of Q,,Q, and Q, is a non-empty set, and anyone of these three
subsets may be an empty set at each iteration step. And following relations are

satisfied.
Q:éQi; QiNQ, =0, ij=1234i+] (10)

where ~ and u represent the intersect set and sum set operators of several sets,
respectively.

It is assumed that ny,q=12,---,Qq is the element numbering of the subset Q,,
and Q. isequalto int(5xQ); n,.q=12--Q, is the element numbering of the subset
Q,, and Q. is less than and equal to int (5 xQ); ﬁq,qzl,z,---,Qcha is the element
numbering of the subset Q, , and Q,, Iis its element number; and
Ay, d=12,,(Q—Qeg —Qinc —Qena) IS the element numbering of the subset Q,. In this
paper, the topology variables p; forany n,eQ,, p; forany n,eQ, and p; forany
ﬁq €Q, are temporarily selected as design variables, and the topology variable p; for
any fi, €Q, is setas a constant at each iteration step.

Following formulas are directly adopted by use of the aforementioned scheme.
1.0x107° = py < p <py, =10, A eQ, (11a)
1.0x107° = py < p5 <p; =10, 7, €Q, (11b)

max {(pék*l) —~A),1.0x10°° }: ps < p= < pE =min {(pékfl) +A),l.0}, ﬁq €Q, (11c)
q q q q q

X Qe o, 0 Qe 0 Qna o, 0 0
min LOVARIS st VA LAVARIVAQ)
(qzﬂpnq a cElpn” fl q%pﬁq M

~l LO) [ _ (7 (k) 4,,1.(0)

st (‘UNCj(p)‘/UNCj‘_Uj /uch jS0.0 j:1’...y\];|:1127...l|_; (12)
pn, €lpn, PR g eQ ' k=12,
ps, €lps PR1 g eQ,

I

>

pi, €los Pl NgeQs

where, A may be treated as an empirical parameter, and a value of [0.01,0.02] can
be selected as A according to small variable region requirements in general trust
region optimization methods (Nocedal and Wright 1999). A=0.015 is adopted, and is
not a sensitive parameter in all examples of this paper. Based on Eq.(11a,b,c) and the

aforementioned change scheme of design variables, the approximate model (3) may
be transferred into the approximate model (12).

3.3.2 The case of zero Lagrange multipliers

Some simulations show that the case of zero Lagrange multipliers of the model
(12) , will occur at a few of outer iteration steps during the early process of an
optimization iteration solving, when a big value of g, in Eq.(5) is adopted. For the case

of that Lagrange multipliers all are zero at the end of the (k-1)th iteration step (for
example, the first iteration step), firstly setting

0: (0% ) = ja, (0*) ) (13a)

Jui?| -0

15.,(0)
Une s
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where, 1. and Nc, satisfy following equation.
1 / (

For another prescribed small parameter 5, , if EQ.(14) is satisfied, the
displacement constraint function at the nc -th degree of freedom of the structure
under the Ith load case will be considered as a potential tight constraint.

(e 0O ok -1 2| -Joi o) | <o (14)

where, any value of an empirical parameter §, within [0.03,0.06] does not affect the
final optimization solution and solving speed of the proposed method, because the
proposed method makes that the objective function and constraint functions change in
a small quantity way at each iteration step, and the case of zero Lagrange multipliers of
the model (12) scarcely occurs at outer iteration steps.

It is assumed that, except the (I, -1)xJ + j,-th displacement constraint of Egs.(13) ,
there exist (m-1) potential tight constraints in the Eq.(3), which satisfy Eq.(14), and they
are represented by g’ (p*?),r=2,---,m. Therefore, when Lagrange multipliers of the
optimization model (12) all are zeros at the end of the (k-1)-th iteration step, the
design element subsets Q,, Q, and Q, are easily determined by using the

‘ag*(p‘k*”)/apnq‘ of EQ.(15). Namely, all int(5,xQ) elements in Q, possess the most

0, (0" k-G o] )| = in [ (e, 0% ) ) @3

=1,2,--L
j=1,2,+-d

1.(0)
/‘UNC]

T® gl 10
-Uj /‘uNC]

minimum values of ‘6g*(p(k_l))/apnq‘ within Q, and their topology variables all are bigger

than 0.01. And all int (5,xQ) elements in Q, possess the most maximum values of
‘ag*(pml))/apnq in EqQ.(15) within (Q-Q,), and their topology variables all are between

0.01 and 0.999. Q, and Q, are similarly determined by the approach of Section 3.3.1.

256" _(figie) 0 04, (" ?)10p, s
ool | £ e @9

Therefore, the optimization model (3) at the kth iteration step can approximately be
transferred into the model (12) by considering the subsets Q,, Q,, Q,and @Q,, and

Eq.(11), when Lagrange multipliers of the optimization model (12) all are zeros at the
(k-1)-th iteration step.

4. A smooth dual solving method of the approximate problem

Although the optimization model (12) is a linear optimization problem, it is an
approximate model of the nonlinear optimization problem (2), and possesses a lot of
design variables. If there exist a lot of design variables and only several constraints in
an optimization problem, the dual solving method can dramatically reduce the
computational quantity (Nocedal and Wright 1999). In order to robustly obtain the
solutions of the model (12), following the approach proposed by Svanberg (1987), an
artificial variable vector y=(y,,y,.--.y, )" is introduced into the problem (12), and

Xq =P, Mg €Q1s Xguq=Ps Mg €Q, ANA X .o 1q= p5 N, €Q; are set at each iteration

9
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step. The following enlarged approximate problem at the initial point x{’ —pgk ?.n,eQ
X o =p¥P 0, eqQ, and xQ o _pE" D h,eQ, , is given for the displacement
constrained optimization problem under multiple load cases.

min f,(x)+ %(vav +%dvyv2)
v=l

st. g,(x) -y, <0,v=12,--,m, (16)
xex®, y>0
where m, =JxL
fo(X) = (z Xe Vi + 2 xm% Vi, + z xww% j/v © (17a)
(Q d+Q +Qh )
000~k 6 )-OF R e, o )
v=(1- )XJ+L j=12,-,3;1 =12, L (17D)
X = {Xi‘xi el:XiL'XiU:L i =l’27”"(Qred +Qinc +Qcha)} (17C)

Being referred to the paper published by Svanberg (1987), ¢, =1000 and d¢,=10 are

selected in the examples of this paper. At the beginning of the sub-optimization
iterations, it is necessary to choose x©, and then to compute y©, and obtain an initial

feasible estimate (x©,y®)" of the problem (16). Considering only the main constraints,
since the simple box and the non-negativity constraints of the artificial variables
y =Y. Ys,)" WIill be incorporated in the minimization process, the Lagrange function

corresponding to the problem (16) may be given by
~ m, m, 1
L3 = fol)+ 2 4(0,00 = vu)+ 20y, + 2, ¥) (18)

The programming problem (16) can be transferred into following dual programming
problem by the dual theory.
max : ¢(4)
st. 220.0

where, (p(k)zrgi? {I:(x,y, L)X e[xE, % ]y>0}

To obtain an iteration solution of EQ.(16) by adopting an iteration solution of
Lagrange multipliers in the model (19), the function relations of the design variables
with respect to the Lagrange multiplier vector must approximately be given. Based on
the KKT condition (Nocedal and Wright 1999), following equation may be gotten.

oL(x,a) af,(x) ™ ag,(X) .
- 2200, i=12,- 20
5Xi aXi +\£ﬂv P i v ] ’(Qred"'ch Qch; ( )

Multiplying Eq.(20) by x.(”( ), following equation can be obtained.

Z/% ﬁgv(x) Z/L, 59 (X) (r)(k)

0 fo (X) : B of (X) X_(r)()“) =1, 1 :1’2""’(Qred +Qine +Qcha) (21)

oX, ox,

(19)

10
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where x("(2) denotes the ith design variable at the kth outer iteration and the rth sub-

iteration.
From Eq.(21), an iteration formula can be built as follows:

2g9,(x”) x(o)
v x (4 22
8 fO(X(O)) 1 ( ) ( )
oX
where x (7)) denotes the ith design variable obtained by using the KKT condition at

the kth outer iteration and the (r+1)-th sub-iteration, and x denotes the design
variable vector at the beginning sub-iteration of the kth outer iteration.

A so-called fixed point iteration method has widely been used in solving the roots
of a nonlinear equation. In order to ensure iteration convergence, a scalar relaxation
parameter y (Burden et al. 1985; Du et al. 2002) is introduced into Eq.(22), and the

Eq.(22) becomes

Xi*(r+l) (l) —

XD =y L xO )+ @-y)x"(n) (23)

Really, the change quantities of design variables can be appropriately adjusted by
a change of y, and » will affect all design variables and ensure iteration

convergence. And a value of [0.02,0.12] is selected as y in the examples of Burden

et al. (1985) and Du et al. (2002) and this paper. From Eq.(23), following equation may
be derived

*(r+1) (0)
OX0) 00,00 /0% | 5 (24)
oA o f,(x)/ox

Considering the upper and lower limits of the design variables, the design
variable x("*V(1) and the artificial variable y{"™(2) can be calculated by

X" (1) = max x",min &, XY (1)} =12+, (Quy + Qe +Qua) (25)
yIo(4,)= max[oo ld CVj,v:l,z,---,ml (26)

\Y

Note that x"(1):R™ >R and y{?(4):R—-R are continuous functions of the
Lagrange multiplier vector i, but not differentiable at the point 4 that x"*(2)=x- or
x"(2)=x" for i=12,(Qu+Q,+Q) and 4,=c, forv=12.m,

Rong et al. (2016) investigated continuum structural topological optimization with
stress constraints based on an active constraint technique and reciprocal topology
variables. In the method, a strategy with two optimization phases and a phase
transferring step, and a smooth dual solving approach were proposed to heuristically
remove a lot of elements with topology variables between 0.15 and 0.001 at some
iterations. Here, the smooth dual solving method proposed by Rong et al. (2016) is
adopted to solve the approximate sub-problem. x"?(z) and y{®(4,) in Egs.(25) and

11
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(26) may be approximately transformed into the following smoothing functions % (1)
and y{"(4,).

X0 ()= %+ pyIn(L4et M), =12, (Quy + Que + Qua) (27)

WP (A) = pin+ ey -y =12 my (28)

where  209(z) = (0 —x-)- p, In(L+eH @y and p, are two small positive

parameters. At the rth sub-iteration step, the p, and p, of the Egs. (27,28) are
replaced by p{” and p{".

Therefore, an approximate quadratic programming model of the dual programming

problem (19) can easily be obtained by adopting Eqs.(18-19,23-28), combining the

approach of Section 4.2 in Rong et al. (2016). And the detail approach of the

approximate quadratic programming model and its simple solving approach are
referred to Section 4.2 of the paper published by Rong et al. (2016) .

5 Afiltering scheme and a stabilization of the optimization process

To circumvent numerical instabilities, such as checkerboard patterns and mesh-
dependency, a sensitivity filtering scheme being similar to that of Sigmund and
Peterson (1998), is adopted. The defined filtering function is based on a filtering length
scale r,;, that does not change with its mesh refinement. A circle of a radius r,,
centered at the centroid of the eth element, and the circular sub-domain Q, may be
generated. Elements, whose centroids are located inside Q,, contribute to the
computation of the improved sensitivity of the eth element as

Q § .
Sulr,,, Jot D) o lube, (010,
8 [T, (0410, =

eeQ: j=12,--,3:1=12-3 (29)

(PSP S, . )
gq=1

The convolution operator (weight factor) wir, nq) is written as

Fmin —Te ng len, <Tmin
W(re n, )= {0.0, fo>r (30)
q

en min

where r.. is the distance between the centre of the eth element and the centre of the

eng

n, -th element, and the value selection of r,, is discussed in many references

(Sigmund 2001 and etc.). « of EQ.(29) is an empirical parameter, and its value is
between 0.15 and 0.25. To further improve the sensitivity accuracy, the simple way
provided by Huang and Xie (2007) is adopted, and its formula is expressed as:

olahe, 0% |10, = A= 2)0 e, (0 |10 p, + 2.0 [T, (0 )|/ 0p,, €cQ (31)
Then, a‘u'NCj(p“*l))‘/ape in Eq.(9) and Eq.(17b) is replaced by aa'NcJ(p(k*l))‘/ape in

Eq.(31). ,, is another empirical parameter, and 0.7 is selected as its value in
examples of this paper according to the suggestion of Huang and Xie (2007).

6 A stopping iteration criterion and a black and white fraction
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The outer loop finishes successfully whenever the following two conditions all are
satisfied.

i R RENONNY TS
j=l,2,-~-,r?;"|1=1,2,-.-,L{(UJ ‘UNCJ (P )‘)/UJ }3‘91 (32a)
k1) (k=2
‘(\/(k) _Mj MG
2

where, g is an allowable small convergence parameter. & =0.0010ften was adopted

in examples of papers published by many authors, such as Huang et al. (2007), Xia et
al. (2012) and Zuo et al. (2014) , and also is adopted in the examples of this paper.
Similarly, the elemental ‘black and white fraction 4,,,’ in Groenwold et al. (2009)

and Wood et al.(2010), is adopted. Its expression is given as follows:

oaw = (N + Ny ) /N (33)
where n, and n,, respectively, represent the element number of the subset
{i|p, <0.001}, and the element number of the subset {i|5 >09%}. And N denotes the
total number of the structural elements in the fixed design domain.

<g (32b)

7 Numerical examples

Fig.2 gives a cantilever beam under a plane stress condition. The left hand side of
the beam is fixed. A vertical load of 3kN is applied at the middle point of the free end.
The dimension of the beam is 0.32mx0.16mx0.00lm . The Young’s modulus

E =200GPaand Poisson’s ratio v=0.33 are specified. The maximum design domain is

divided into a mesh of 64x32 with 2048 equal-size four-node square plane stress
elements. Displacement constraints of Eq.(34) are imposed on the vertical
displacement u, (p) at the middle point of the free end and the vertical

displacement u,,(p) at the point of interest ‘q’ located in the middle of the top edge of
the beam in Fig.2, respectively. Where , is a topological variable vector.

g

a
F

Fig.2 A single-load problem with displacement constraints for a cantilever beam

Ugy (9)] — da |uay () <0

[Ugy ()]~ |ug, (0| <0

Here, the filtering length scale r;, =2A.;,=0.0Im ( A, is the minimum side
length of all structural elements) being the same as that of Deng and Suresh (2015), is
adopted. And the empirical parameters p=0.004, 5 =0.1, and »=0.1 are adopted.
Other five parameters are selected according to the suggestion values in corresponding
sections of this paper. Here, the empirical parameters ¢6,,y and p, are treated as
important empirical parameters, and are determined according to a small change
principle of structural characteristic quantities. Really, g is the most active and

(34)
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important empirical parameter. § means that the topology variables of only certain
number elements are allowed to change within a large range at each iteration step. »
and p, mean that certain change quantities of design variables are allowed, and g, is
a total control quantity of design variable changes. When small values of y and p
are given, the quantity of 5, will affect the gray distribution and its optimization iteration
numbers. A small value of 5, will lead to very good black/white distributions and many
iteration numbers required. A big value of 5, will lead to poor black/white distributions.
The empirical parameter value ¢, is easily determined by a trial calculation and a

black/white distribution requirement. A lot of simulations demonstrate that if a value of
[0.003,0.012] is adopted as & , a series of topologies with good black/white

distributions and convergence, can be guaranteed before about 120 iteration steps.
The empirical parameter values y and p, are easily determined by a trial calculation

and the requirement of at least one non-zero Lagrange multiplier of the approximate
model at most iteration steps for any example. y and p must be increased
before structural optimization when the optimization solution needs too many iteration
numbers. And yand g, must be reduced before structural optimization when there exist

some bad topological configurations during an optimization process. A value of [0.03,
0.12] may be selected as y, and a value of [0.002, 0.008] may be selected as p,.

Fig. 3 gives the topology distribution optimization history of the cantilever beam,
which is obtained by adopting the proposed method for the allowable constraint
parameters d,=1.5 and d,=1.5, and the volume penalty parameter o, =1.0, when

topology variables of the initial structural model all are 1. Fig.4 gives the volume fraction,
the black and white fraction and displacement ratio optimization histories of the
cantilever beam, corresponding to Fig.3. The structural topology characteristic data in
Fig.3, are given in Table 1. Its computational time employed by adopting the computer
with CPU 2.66G is 283s.

It is seen from Fig.3 that although the topologies obtained at all iterative steps
include gray elements, the number of the elements whose topology variables are below
0.001, increases with an increase in outer iteration number; and there only are a few of
the gray elements, whose topology variables are between 0.001 and 0.95. It is found
from its optimization process that at least one displacement constraint is an active
constraint at almost all iteration steps. Fig.4 and the table 1 also show that black and
white fractions of all topologies are bigger than 0.85. Fig.4 shows that constraint
displacements and the structural volume stably and smoothly change, and the black
and white fraction changes in a way of very small fluctuations during the optimization
process.

(b)Outer loop iteration
15

(a)Outer loop iteration 5

(c)Outer loop iteration 25 (d)Outer loop iteration 40
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(I)Outer loop iteration 90,the
optimal topology extracted

(i)Outer loop iteration 70 (i)Outer Iog%p Iteration (k)Outer loop iteration 88

Fig. 3 The topology distribution optimization history of the cantilever beam , which is
obtained by the proposed method for the volume penalty parameter ¢,=1.0, and d,

=1.5 and d,=1.5.

Note: In Fig. 3(l), the white elements denote elements whose topology variable values are equal to
0.00001.

—=— Displacement ratio at point a
«- Displacement ratio at point q
--+- Volume fraction

I
H

—4-- Black-white fraction

[

T
o
o

T
o
o

T
e
S

T
e
o

Volume fraction / Black-
white fraction

oo (;(l)ltermioo;oiteiztiosﬁ nlflzlbesl? *
Fig. 4 The volume fraction, black and white fraction and displacement ratio optimization
histories of the cantilever beam, which is obtained by the proposed method for the

volume penalty parameter,=1.0, and d,=1.5and d,=1.5.
Table 1 The characteristic data corresponding to the topologies in Fig.3

«

Numbering (C)) (b) (€) (d) (e) () 9) (h)
Uy 0|/ Juay @) | 1.034 | 1.098 | 1.161 | 1.258 | 1.511 | 1.515 | 1.516 | 1.494
Ugy ()| |ugy @) | 1.010 | 1.061 | 1.127 | 1.208 | 1.405 | 1.458 | 1.510 | 1.501

Volume 0.894 | 0.799 | 0.735 | 0.662 | 0.537 | 0.532 | 0.531 | 0.526
fraction
B"f"‘r;kc't‘i"’h'te 0945 | 0.922 | 0.895 | 0872 | 0.870 | 0.874 | 0.876 | 1.000

(b)QOuter loop iteration 15 (c)Outer loop iteration 25 (d)Quter loop iteration 40

(a)Outer loop iteration 5

(N Outer loop iteration

(i)Outer loop iteration 60  (j)Outer loop iteration 70 (k)Outer loop iteration 82 84,the optimal topology
extracted

Fig. 5 The topology distribution optimization history of the cantilever beam , which is
obtained by the proposed method for the volume penalty parameter «,=0.8, and d,=1.5

and d,=15.
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Fig. 6 The volume fraction, black and white fraction and displacement ratio optimization
histories of the cantilever beam, obtained by the proposed method for the volume

penalty parameter,=0.8, and d,=1.5and d,=1.5.
Table 2 The characteristic data corresponding to the topologies in Fig.5

Numbering (@) (b) (©) (d) (e) (f) (@) (h)
(k) 0
Uay 0oy ® | 1 036 | 1212 | 1205 | 1382 | 1523 | 1523 | 1523 | 1498

Ugy (@) |ugy )| | 1.010 | 1.077 | 1.223 | 1.439 | 1.518 | 1.518 | 1.521 | 1.496

Volume fraction 0.894 | 0.788 | 0.699 | 0.584 | 0.523 | 0.523 | 0.523 0.527

Black-white
fraction

If the volume penalty parameter ¢,=0.8 and the previous other conditions are

adopted, optimization results obtained by using the proposed method are shown in
Fig.5, Fig.6 and Table 2. Fig.5, Fig.6 and Table 2 show that a series of topologies
obtained, possess a more predominant black-and-white distribution than topologies in
Fig.3. Fig.5 also depicts that the results obtained after several iterations provide a
series of topologies with clear profiles.

If the volume penalty parameter «,=0.8 and the aforementioned other empirical

parameter values are adopted, the results obtained by using the proposed method for
the problem in Fig. 2 and corresponding different values for the allowable relative
displacements at both constraint points of interest, are listed in Table 3. Table 4 gives
constraints and relative results obtained by Deng and Suresh (2015) for the problem.
Comparing Table 3 and Table 4, it is concluded that two more optimal topologies with
different configurations and more 4.5 % reductions of the objective function than the
results of the Deng and Suresh method (2015), are obtained by using the proposed
method for this example with the allowable relative parameters d,=1.5 and d,=10.,

and d,=1.5,and d,=1.5, respectively .
For the allowable relative parameters d, =10. and d, =1.5., although the

convergent optimal solution of the problem in Fig.2 is not obtained by adopting the
proposed method, two topologies satisfying the allowable constraints (d,=10. and d,

=1.5.) of the problem in Fig.2, are obtained by use of the proposed method, and are
shown in Table 5. Comparing Table 3, Table 4 and Table 5, it is concluded that the
proposed method can obtain a more optimal topology than the Deng and Suresh
method (2015) for a reasonable displacement constraint model of Fig.2. Table 5 (b)

0.957 | 0.950 | 0.945 | 0.940 | 0.958 | 0.960 | 0.960 1.000
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also shows that although the topology with a bigger volume reduction, satisfies the
allowable constraints (d,=10. and d,=1.5.) of the problem in Fig.2, the constraint

displacement point q is disconnected from the support. Therefore, there exists a
reasonable displacement constraint modeling problem or a disconnected constraint
point problem in the proposed method. In view of the fact that the topology of Table 5(a)
possesses a smaller volume than that of Table 4 (c), a reasonable displacement
constraint modeling problem or a disconnected constraint point problem (which is
similar to an ill load optimization problem) will be a problem to be investigated.

7. Conclusions

A novel displacement constrained optimization approach for black and white
structural topology designs under multiple load cases, is proposed. Some examples are
given to demonstrate that the feasibility and effectiveness and features of the proposed
method. The following conclusions can be drawn:

(1) Two improved schemes dealing with trust regions and adjustments of constraint
limits, respectively, are proposed. The proposed approximate optimization model
possesses a tight constraint feature and can approximately adhere to the binary
change nature requirement of structural topology optimization.

(2) An improved optimization method for a displacement constrained topology
optimization problem is proposed, which possesses convergence and the
robustness of the optimization process.

(3) The proposed method can obtain an optimal topology with a predominantly black-
and-white distribution, and a series of topologies with clear profiles during an
optimization process for the topology optimization problem under multiple load
cases.

(4) The disconnected constraint point problem and the solid/empty solving issue of
topology optimization with more structural behavior constraints under multiple load
cases, require further mathematical and scientific developments.
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Table 3 Results obtained by the proposed method for the problem in Fig.2

Constraints Final volume fractions | Final displacements Final topologies
Uay (p™)] = 1498 |u, (p)
d,=1.5,d,=10. Uay "
a q 0.528 ‘qu(Popt)‘=1-321‘qu(9(0))‘
d.=15.,d. =15 0.527 uay(pom) —1.495 uay(p(O))‘
a g . . ‘uqy(popt) :1'438‘qu(0(0))‘
Uay (p™)] =1.793|uay (0
d,=1.8,d,=1.8 0.435 y y
a : ‘uqy(popt) :1.581‘uqy(p(0))‘
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Table 4 The results obtained by Deng and Suresh (2015) for the problem in Fig.2

Constraints Final volume fractions | Final displacements Final topologies
Ugy (™) =15 u, (p)|
(@ | d.=1.5,d,=10. 0.55 Ugy (p™)] =1.63uy, (p)|
Uy ()| =1.5|u,, (0®)
b d,=1.5,d,=1.5 0.56 Y y
2 e, 0] =L, ()

U2y (0™)
Uy (0™)

=1.75u,, (p®)

=10.,d.=1.5
(C) d, dq 0.48 =1-50‘qu(9(0))‘

Table 5 Two topologies satisfying the allowable constraints (d,=10. and d,=1.5.) of the
problem in Fig.2 and their characteristic data

Topologies Volume fractions Displacements
sy ()] =1.759|u,, (0
a 0.455 ’
(@) lug, (p)] =1.392 \uqy(p“’))\
Uay (0) =2:397 Ju,, (p)
b 0.393 ’ ’
(®) Jugy (P)] =1.423|uq, (p)
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