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ABSTRACT

A method is presented for concurrent topology optimization of macrostructures and
material microstructures to optimize structural natural frequency in thermal
environments. A concurrent topology optimization model of macrostructure and material
microstructure is established, where the objective is to optimize the natural frequency of
the macrostructure subjected to volume constraints on macro-scale distribution and
phase materials. Based on the bi-directional evolutionary structural optimization (BESO)
method, a concurrent two-scale topology algorithm is proposed. The commonly used
interpolation scheme with Solid Isotropic Material with Penalization (SIMP) at
macro-scale is adopted. The effective properties of a composite material with
representative periodic unit cell are homogenized and integrated into the dynamic
analysis of the macrostructure. The sensitivity of the natural frequency of the composite
macrostructure with respect to design variables on two scales, i.e., macro and micro
scales is derived. Numerical results show that the proposed concurrent design method,
and the algorithm are efficient and valid for frequency optimization problems of
macro-structures and material micro-structures in thermal environments.
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1. INTRODUCTION

Structural topology optimization has been an important research direction in the
domain of structural optimization. In essence, structural topology optimization is to
optimize the distribution of phase materials so as to obtain the optimal physical
characteristics. These topology optimization methods, such as have been successfully
applied for many fields, such as mechanics, thermology, electromagnetic, optics,
acoustics. Topology optimization methods are extensively investigated to enhance
some important physical performance of materials, such as materials with
electromagnetic permeability and permittivity [1], fluid saturated material [2], negative
permeability dielectric metamaterials [3], isotropic cellular material [4], electromagnetic
materials [5], metamaterials with negative permeability[6] and macrostructure with
maximal stiffness [7].

With the development of computer simulation, experiment techniques and
manufacturing level, the use of the advanced materials and the emergence of the
innovative structures, the concept of the concurrent design of structures and materials is
proposed to make the structures lightweight and multifunctional. The fundamental
purpose of the concurrent design of structures and materials lies in that optimizing the
topology configuration, the geometric size and the space distribution of the pore of
material microstructure and the layout of the macrostructure in order to achieve the
lightweight structure with the optimal physical characteristics and functions. The
concurrent design of structures and materials has been systematically investigated.
Deng et al. [8] studied multi-objective design of lightweight thermoelastic structure
composed of homogeneous porous material to minimize both structural compliance
under only mechanical loads and the thermal expansion of the surface. Chen et al. [9]
investigated the concurrent design of structural and cellular material topology by the
propose of a new moving iso-surface threshold formulation and algorithm. Sivapuram et
al. [10] decomposed the multiscale design problem into macro and microscale design
problems by a new linearizing and formulating way, where the overall optimum solution
can be got. Guo et al. [11] presented the robust concurrent optimization of material and
structure under unknown-but-bounded load uncertainties in a multi-scale framework.
Coelho et al. [12] used a multi-scale topology optimization model to design bi-material
composite laminates with the objective to minimize the structural compliance. Xu and
Xie [13-14] proposed a method for the concurrent topology optimization of macro
structural material distribution and periodic microstructure under random excitations.
The topic on the concurrent design of composite macrostructure and multi-phase
material microstructures is also discussed by Xu et al. [15-16]. However, the
development of the concurrent topology optimization techniques considering composite
thermoelastic macrostructure and and multi-phase material microstructure is limited.

The remainder of the paper is organized as follows. In section 2, thermal vibration
analysis and optimization problem are formulated; the mathematical formulations for the
sensitivity analysis of the objective with respect to the design variables on macro and
micro scales are respectively built in Section 3; Section 4 introduces a numerical
example and the results demonstrate that the proposed method is effective for the
concurrent topology optimization of composite thermoelastic macrostructure and
multi-phase material microstructure . Conclusions are drawn in Section 5.
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2. Thermal Vibration Analysis and Optimization Problem Statement
2.1 Thermal Vibration Analysis

The dynamic problem for plate structures in thermal environment can be expressed
as

(K+K; —o!M)®, =0 (1)

where K and M are respectively system stiffness and mass matrices. K; is the
geometric stiffness matrix for bending induced by the in-plane thermal stresses due to
the change of the temperature. ®; and @, is the jth natural frequency and the

corresponding mass-normalized mode vector, respectively. The system stiffness matrix,
mass matrix and geometric stiffness matrix can be assembled by the element
components as follows:

K=Y K, = jQ B'DEBAQ 2)
i=1 i=1
N, N,
M= M, = jg N" pENAQ (3)
i=1 i=1
N, N,
K, =YK, = jQ_GT (6)GAQ (4)

where N, is the number of macrostructural elements. K, , M, and K;, are

respectively the stiffness matrix, the mass matrix and the geometric stiffness matrix of
element i. B is a strain-displacement matrix in macro scale. N is a shape function

matrix. DF and p° are the elasticity matrix and the mass density of element i,
respectively. G is a nonlinear strain-displacement matrix. 6 is the element stress
matrix. { ) means to write vector into Voigt matrix. €; is the volume of element i.

If the temperature change across the plate thickness is uniform, the in-plane stress
can be described by the plane-stress constitutive equation

6 =D (e—aAT) (5)

where D, is a membrane elasticity matrix. @ is a thermal expansion coefficient vector.

AT is the temperature change. € is a membrane strain vector and can be calculated
based on the thermal displacement

KUT = FT (6)

Fr

where is a thermal load vector which can be written as
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Fr=> Fi=> | B'DfafATdQ

i=1 i1 (7)

The effective elasticity matrix, mass density and thermal expansion coefficient vector
of element ! can be respectively expressed as

S {[ﬁ(xm }(1— )" D} )H Ty } D!,

g=1 : k=1 i B (8)
nmac—l gq-1 S . " Nmac s /‘Lk H
piE = Z H(X|k)/lk (l_ Xik) qIOq ) + | (Xik) ’Onmac
q=1 - k=1 - =1 - 9)
Mg 1 q-1 s s\0; H e s \6 H
aiE = Z H(Xik)gk 1-x) oy, )+ H(Xik) Cla,
g=l ([ k=1 i i=1 i (20)

H H

. . . o
where " s the number of phase materials in macro scale. Pa and % are the
eqguivalent mass density and the corresponding equivalent thermal expansion coefficient

X

S
vector for phase material 9. A and % are the exponent factors. “i is the

H
design variable in macro scale which can be constructed as in [13]. D, is the

equivalent elasticity matrix obtained by the homogenized method for phase material 9.

1
D! M qu D, (1 -bu)dY
(11)

where | is an identity. |Y| is the total area or volume of the material base cell. D is
the stain/displacement matrix in micro-scale level. U denotes the displacement fields of

Looy {oLof _ {001

2D cases. Dy is the elasticity matrix of phase material 9, which can be expressed as

the unit cell caused by uniform strain fields e.g for

D, - qul{|: a-1 (X;‘I:q n }(1_ Xr’;q)nq an)}_}_{ﬁ (xr;I 4\ } Dqu

(12)

H
the equivalent mass density Pa and the equivalent thermal expansion coefficient
H

a . .
vector 9 are respectively written as
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af = (O) ) "By (14)
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a=1

e s ek o

2.2. Optimization Problem Statement

In order to improve the dynamic characteristics of the macrostructure under the
volume constraints of phase materials, the concurrent multi-scale topology optimization
of composite structure and periodic microstructure for frequency can be formulated as

max(min) : @,

- mac

Xt (L= X3 )V} 1=12,. -1

e q
stV — [H XL““VJ =0 k=N,

ik pl (17)

where Vi the volume of element | in the macrostructure model; Ve is the volume of

mac
Vk

element 2 in the micro base cell model; Is the prescribed volume for phase K in

mic

macrostructure model; "9 s the prescribed volume for phase P in the material base

cell 9. N, is the number of the elements in the micro model.
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3. Sensitivity analysis on macro scale and micro scale

3.1 Sensitivity analysis on macro scale
The sensitivity of the natural frequency with respect to the design variable on macro

scale can be written as

ow.
O _ 1 oK K, a)lzﬁM ® a8)
X, 20; ox,  OX, X,
oK & ; ODF
= B' —-BdQ
where A -[Q. o (19)
. E
M_S[ N P nda
Ny i3 OXi (20)
e 0
CuSaES N Rl ) G40
aXik i aXik (21)

K. . , U, DF B, X
It can be found that "7 is the function of ~7, =i ¥i and ™ | based on Egs.(5) and
(21), we can obtain

oU

oK. oD
sTl:j G < B = BUT,>GdQ+Zj GT<DBa:>GdQ
_j G < aAT:>Gd£2 j G' < DEaa'AT GdQ
% (22)
oDf  daf %
Further, Xk , X and %k can be expressed as
q-1 T T
aDE |:H (X|k) :|(1 (Xlk) ) s _ mac
: “ ;' 4, 06)™ [ T 060" [PL, 23)
X o1 Xi
g-1 A q
aalE Nnac —1 |:H (X|k ) J (1 (Xlk ) ) s ENE mac
- — al t+A (X)) H (X.k)j“ o (24)
ik a=1 ik i
q-1 o,
a iE Ninac —1 |:H (X|k) J(l (Xlk) ) s _ mac
)I(';S: aX Io:]_' +9k (Xik)(gk & H (Xlk)gk pr:ac (25)
ik q=1 ik

3.2 Sensitivity analysis on micro scale
Similar to the sensitivity analysis on macro scale, the sensitivity of the frequency with

the respect to the design variable on the micro level can be expressed as:
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4. Numerical Examples
As shown in Fig.1l, a four-edge clamped square plate with dimension

ImxImx0.01m js investigated, which is subjected to a uniform temperature rise

AT =T,-T, with To=0 C. Multiple phases on each scale are addressed according to

the general composite problem described in Section 2. Four-node plate bending
quadrilateral elements are used in the following numerical examples. A mesh of 80x80 is
used in macro models. The micro models are meshed with 100x100 quadrilateral
elements in all numerical examples. The assumption that the Young’s modulus of the
phase materials don’t change with the temperature is made.
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Fig. 1. The design domain and boundary condition

4.1 Different temperature rise analysis

The objective function is to maximize first natural frequency of the macrostructure
with multi-phase materials. Bi-material composite design is addressed on both macro
and micro scales. The phase material properties are as follows:

E¥=70GPa = p"=2650Kgim’  ;%=15x10%C* E®=210GPa  p"'=6500Kg/m’

a®=11x10"°C™  The green phase material properties in both microstructure are
@ _ 3 T . . :
E®=0.05GPa, p = =1000Kg/m" = 5®=1.1x107°C™ Each phase in the composite design

on the macro structure is cellular material with V™ =05V™# =05V"™ =05 . Some
parameters of BESO methods are set as: ER™ =0.01, ER™"=0.0L,ER™" = 0.01 Five

thermal cases are considered in this work, i.e., AT =0°C, 25°C,50°C, 75°C,100°C  1ape
1 shows a comparison of five various designs of the four-edge clamped square plate by
implementing different temperature rise, including optimal macro and micro structures,
elasticity matrix. The optimal values of the first natural frequency are
respectively 366.7035Hz =~ 431.2205Hz =~ 514.6648Hz = 597.1130Hz gng 666.1423Hz for

five cases. For display consistence, the first phases in the macro structure and in the
micro structure are illustrated in red while the second phases are illustrated in blue on
both scales. Third phase is green. As shown in Table 1, there is difference between the
optimal topologies of the macrostructure and material microstructures for five cases.
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Table 1 Comparison of five different designs with multiphase materials by varying the
temperature rise for maximizing the 1° natural frequency

Macrostructure

Material Microstructure

Material 1

Material 2

1*1 assembly | 3*3 assembly

1*1 assembly | 3*3 assembly

4.5867 1.6448 0.2415

1.4328 0.6233 -0.0561

0°C
4.8460 1.3983 -0.1335 1.6193 0.4670 -0.0444
1.0x10%| 1.4096 4.7951 0.3301 1.0x10%| 0.4670 1.6021 0.1098
-0.1335 0.3301 1.2841 -0.0444 0.1098 0.4293
10x10°[1.0987 1.0987 0.0003] | 1.0x10°[1.4948 1.4948 0.0014]
o - - - -
5.0682 1.5366 -0.0102 1.2795 0.5688 -0.0472
1.0x10°| 1.5366 4.1300 0.2158 1.0x10°| 0.5688 1.6685 -0.0179
-0.0102 0.2158 1.4116 -0.0472 -0.0179 0.5290
1.0x10°[1.0991 1.0983 0.0003] | 1.0x10°[1.4924 1.4965 -0.0012]
50°C
46281 1.3844 -0.0068 1.6378 0.4838 -0.0930
1.0x10°%| 1.3844 5.1282 -0.0164 1.0x10°| 0.4838 1.5350 -0.1213
-0.0068 -0.0164 1.2720 -0.0930 -0.1213 0.4214
1.0x10°[1.0986 1.0989 O] 1.0x10°[1.4953 1.4938 -0.0049]'
75°C
3.9917 16220 -0.0845 1.5023 0.4930 0.1422
1.0x10°| 1.6220 5.0638 -0.1007 1.0x10%| 0.4930 1.6148 0.0732
-0.0845 -0.1007 1.5457 0.1422 0.0732 0.4256
1.0x10°[1.0985 1.0984 -0.0011]" | 1.0x10°[1.4953 14941 -0.0053]

1.0x10°| 1.6448 4.5945 0.2666
0.2415 0.2666 1.4835

1.0x10°[1.0988 1.0987 0.0008]T

1.0x10°| 0.6233 1.4585 0.0976
-0.0561 0.0976 0.5618

1.0x10°[1.4949 1.4946 0.0009]

©
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4.2 Different natural frequency analysis

In order to execute different natural frequency analysis, the objective function is to
maximize second, third natural frequency of the macrostructure. Bi-material composite
design is addressed on both macro and micro scales. The phase material properties are
the same as these in section 4.1. Each phase in the composite design on the macro

, : . icl _ ic2 _ _
structure is cellular material with V™~ =05V™=05V™ =05 = gome parameters

of BESO methods are set as; ER" =0.0L, ERmM:O-Ol’ERmiC’Z20-01. Five thermal
cases are considered in 2" and 3@ natural frequency optimization, i.e.,

AT =0°C, 25°C,50°C, 75°C100°C ' apie 2 shows a comparison of five various designs of
the four-edge clamped square plate for 2" frequency by implementing different
temperature rise, including optimal macro and micro structures, elasticity matrix and
thermal expansion vector. The optimal values of the second natural frequency are
respect|ve|y6694387HZ1 7638721HZ’ 8754304HZ1 976.2304Hz and 1071.4604Hz for

five cases. As shown in Table 3, there is difference between the optimal topologies of
the macrostructure and material microstructures for five cases in 3 frequency. The

corresponding optimal natural frequency values are respectively 705.8983Hz
837.1133Hz = 987.0754Hz  1090.6125Hz = 1159.7334Hz

10



The 2017 World Congress on
Advances in Structural Engineering and Mechanics (ASEM17)
28 August - 1 September, 2017, llsan(Seoul), Korea

Table 2 Comparison of five different designs with multiphase materials by varying the
temperature rise for maximizing the 2" natural frequency

Macrostructure

Material Microstructure

Material 1

Material 2

1*1 assembly | 3*3 assembly

1*1 assembly | 3*3 assembly

4.8226 1.6730 -0.1035

1.5183 0.4865 0.0215

0°C
46100 1.6966 -0.0462 15408 0.5664 -0.0154
1.0x10°| 1.6966 4.3140 0.0202 1.0x10°| 0.5664 1.4421 0.0067
-0.0462 0.0202 1.5918 -0.0154 0.0067 0.5321
1.0x10°[1.0988 1.0986 0] 1.0x10°[1.4949 1.4942 —0.0003]
o - - - -
45292 15238 -0.0411 1.6287 0.4714 -0.0230
1.0x10°| 1.6966 4.7537 0.0063 1.0x10°| 0.4714 15175 -0.0118
00411 00063 14358 00230 00118 0.3997
1.0x10°[1.0987 1.0988 0 1.0x10°[1.4953 1.4939 —0.0013]
” - -
49930 1.4606 0.1535 1.7076 0.4990 0.0001
1.0x10°| 1.4606 4.3842 0.1428 1.0x10°| 0.4990 1.4165 -0.1897
0.1535 0.1428 1.3417 0.0001 -0.1897 0.4644
1.0x10°[1.0988 1.0983 0.0006] | 1.0x10°[1.4962 14929 -0.0044]
4,7844 15883 -0.1078 15030 0.4717  0.0945
1.0x10%| 1.5883 4.4120 -0.1154 1.0x10%| 0.4717 1.7017 -0.0466
-0.1078 -0.1154 1.3348 0.0945 -0.0466 0.4316
1.0x10°[1.0989 1.0986 -0.0004] | 1.0x10°[1.4906 1.4963 O]
- - -

1.0x10%| 1.6730 4.1761 0.2469

-0.1035 0.2469 1.4833
1.0x10°[1.0990 1.0985 0.0003]T

1.0x10%| 0.4865 1.6201 0.0360
0.0215 0.0360 0.4533

1.0x10°[1.4942 14952 0.0014]

11
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Table 3 Comparison of five different designs with multiphase materials by varying the
temperature rise for maximizing the 3" natural frequency

Macrostructure

Material Microstructure

Material 1

Material 2

1*1 assembly | 3*3 assembly

0°C

25°C

50°C

75°C

100°C

1*1 assembly | 3*3 assembly

4.8226 1.6730 -0.1035
1.0x10°| 1.6730 4.1761 0.2469
—0.1035 0.2469 1.4833

1.0x10°[1.0990 1.0985 O. 0003]

48226 1.6730 -0.1035
1.0x10°| 1.6730 4.1761 0.2469
—0.1035 0.2469 1.4833

1.0x10°[1.0990 1.0985 0.0003]T

4.7344 13740 -0.2856
1.3740 4.8086 0.0041
—-0.2856 0.0041 1.1936

1.0x10°[1.0988 1.0987 -0.0021]

4.6192 1.2727 0.5541
1.0x10°| 1.2727 5.0209 0.1048
0.5541 0.1048 1.0475

1.0x10°[1.0984 1.0986 O. 0023]

(48614 1.4055
14055  4.8221
—0.0257 -0.0553

1.0x10°[1.0988 1.0988

| [39363 15566 05320
1.0x10°| 1.5566 5.2287 -0.1806
0.5320 -0.1806 1.3767

1.0x10°

-0.0257
-0.0553
1.3540

~0.0001]"

1.0x10°

4.2388
1.0x10°| 1.7516
-0.3692

1.0x10°[1.4958

1.7516
4.5629
0.1066

1.4962

-0.3692
0.1066
1.5368

0.0020]"

1.6698 0.5601 0.0602
1.0x10°| 0.5601 1.3595 0.0996
0.0602 0.0996 0.5361

1.0x10°[1.4958 1.4933 0.0024]'

1.0x10°[1.0981 1.0992 0.0007]

15789 05138 -0.0598
1.0x10°| 05138 15699 -0.0587
-0.0598 -0.0587 0.4713
1.0x10°[1.4945 14950 -0.0023]'
14738 0.4944 -0.1445
1.0x10°| 0.4944 1.6717 -0.0206
—-0.1445 -0.0206 0.4491
1.0x10°[1.4932 1.4957 -0.0038]'




The 2017 World Congress on
Advances in Structural Engineering and Mechanics (ASEM17)
28 August - 1 September, 2017, llsan(Seoul), Korea

5. Conclusions

(1) An effective methodology for the concurrent topology optimization of composite
thermoelastic macrostructure and microstructure with muti-phase material for frequency
is proposed. The sensitivity formula of the frequency of the composite macrostructure
with multi-phase material with respect to design variables on macro and micro scales
are derived. The corresponding optimization problem is formulated as the distribution of
multiple material phases on both macro and micro length scales. The two-scale
optimization problem involves two FE models, one for the macro structure and the other
for the material base cell containing the micro structure. The prescribed volumes of the
macrostructure and the base materials are considered as the optimization constraints.
(2) The effective properties of the multi-phase materials vary with the change of the
thermos environment i.e., the optimal frequency and the optimal macrostructural
topology depend on the set of different temperature. Meanwhile, the optimal topologies
of the macrostructures and the microstructures are different for different frequency
requirement although with the same thermal environment.

(3) The present study focuses on applications within the field of the concurrent design of
thermoelastic macrostructure and multi-phase material microstructure, but the proposed
approach could be extended to other kinds of multi-physics optimization.
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