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ABSTRACT

On the basis of Reissner’'s mixed variational theorem, a unified formulation of finite
layer methods is developed for the quasi-three-dimensional thermal buckling analysis
of simply-supported, sandwich piezoelectric plates embedded with a functionally
graded elastic core, the material properties of which are considered to be thickness-
and temperature-dependent. The plate is subjected to a uniform temperature change
and open-/closed-circuit boundary conditions on the lateral surfaces. The material
properties of the functionally graded elastic core are assumed to obey the power-law
distributions varying through the thickness coordinate of the core according to the
volume fractions of the constituents. The effective material properties are estimated
using the Mori-Tanaka’s model. The accuracies and convergence rates of the finite
layer methods with various orders, as used for expanding the elastic and electric
variables in the thickness direction, are assessed by comparing their solutions with the
three- and two-dimensional ones available in the literature.

1. INTRODUCTION

The buckling of functionally graded elastic and piezoelectric material (FGEM and
FGPM) structures subjected to various mechanical loads has attracted considerable
attention over the past few decades, with researchers examining as uni-/bi-axial in-
plane normal and torsion loads for plate-like structures, and axially compressive,
external pressure and combinations of these two-types loads for shell-like structures
(Wu and Chang 2014, Wu and Chen 1994, 2001, Wu and Chiu 2001, 2002, Wu and
Jiang 2014, Wu et al. 2013, 2014). Some aerospace structures and electric devices in
macro- and micro-electro-mechanical systems often experience severe temperature
changes in their working environments, and thermal buckling of these structures thus
becomes a key issue for engineering designers to consider when working to enhance
the performance and extend the working lifetimes of such technologies.
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In recent decades FGEM and FGPM have started to be used instead of the fiber-
reinforced composite materials, and these have been widely used to form beam-, plate-
and shell-like structures in advanced engineering applications. In the former, the
material properties can be designed to be continuously distributed through the
thickness coordinate, and some of the drawbacks that often occur in the latter due to
the material properties suddenly changing at the interfaces between adjacent layers
can be overcome. The thickness- and temperature-dependent material properties of
FGEM and FGPM structures make the coupled thermo-elastic and thermo-elasto-
electric analyses of these mathematically complex..

Few exact three-dimensional (3D) formulations have been used to examine the
thermal buckling behaviors of FGPM structures, as these are mathematically complex
and very time-consuming, as compared with their counterparts for two-dimensional (2D)
formulations. It is also well-known that the Reissner mixed variational theorem (RMVT)-
based models are superior to the principle of virtual displacement (PVD)-based models
for the analysis of multilayered structures. In the PVD-based models, only the elastic
displacement and electric potential variables are selected as the primary variables,
while except these, the transverse stress and normal electric displacement variables
were also selected as the primary variables in the RMVT-based models. The continuity
conditions of the transverse stress and normal electric displacement variables at the
interfaces between adjacent layers are thus automatically satisfied, a priori, while these
conditions will not be satisfied in the PVD-based models. Wu and Li (2010, 2013) thus
developed unified formulations of the RMVT-based finite layer and prism methods
(FLMs and FPMs) for the bending analysis of laminated composite plates and
multilayered (or sandwiched) FGEM ones with fully simply-supported boundary
conditions, and those with combinations of simply-supported and clamped edges.

In this paper, within the framework of 3D piezoelectricity, the RMVT-based FLMs
are thus extended to the quasi-3D thermal buckling analysis of simply-supported,
sandwich piezoelectric plates embedded with an FGEM core, in which the material
properties of the core are assumed to obey a power-law function dependent on the
volume fractions of the constituents, while those of piezoelectric face sheets are
homogeneous, and the material properties of each layer are dependent upon the
temperature. The related orders used for expanding the elastic and electric field
components in the thickness coordinate are variable, and can be freely selected as the
linear, quadratic and cubic orders. A parametric study with regard to some factors that
affect the critical temperature parameters of the plate is undertaken, such as the aspect
ratio, material-property gradient index, different volume fractions of the constituents,
and different surface conditions.

2. EFFECTIVE MATERIAL PROPERTIES

The thermal buckling behavior of simply-supported, symmetrically FGEM plates
integrated with surface-bonded piezoelectric actuator and sensor layers and under a
uniform temperature change is examined, as shown in Fig. 1a, in which the material
properties of the FGEM core are dependent upon the thickness coordinate and
temperature. The in-plane dimension and thickness of the plate are LyxLy and h. In the
formulation, the plate is artificially divided into N, layers with small thicknesses for each
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Ni-layered face sheet and Nc-layered core, as compared with each of the in-plane
dimensions, in which N, =2N, +N,. A global Cartesian coordinate system (i.e., X, y and
¢ coordinates) is located on the mid-plane of the plate, and a set of local thickness
coordinates z,(m=1 2, 3,---, N,), is located at the mid-plane of each individual layer, as
shown in Fig. 1b. The thicknesses of each individual layer and the plate are
h, (m=12,---,N,) and h, respectively, while h:i h, . The relationship between the

m=1
global and local thickness coordinates in the m™layer is ¢=Z, +z,, in which
o=, +¢040)2,and ¢, and ¢, , are the global thickness coordinates measured from
the mid-plane of the plate to the top and bottom surfaces of the m™-layer, respectively.

(@) (b)
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h] [ PzT-5A z——

Fig. 1. (a) The configuration of a sandwiched hybrid FGEM and piezoelectric plate;
(b) The global and local coordinates of the plate.

The material properties of the FGEM core are assumed to obey a power-law
function distribution according to the volume fractions of constituents through the
thickness coordinate, and the effective material properties of the FGEM core are
estimated by using Mori-Tanaka’s micromechanics scheme, and are given as follows:
Mori-Tanaka scheme,

The effective material properties of the FGEM core can also be evaluated using the
Mori-Tanaka formula, and are written as follows:

K(g): Vf (é/)(Kf I(KO_)K + KO’ (1a)
{H a-v, (é“))|<0+(4/3)ej
Vi (9 (G =Gy
G(¢) = <N G —)G o -
L+(1—Vf g, fo}
)= K (o —a) +a, -
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9K, +8G,
®6(K,+2G,)
properties at the face sheets-core interfaces and mid-plane of the core, respectively.

where f,=G and the subscripts f and 0 are defined as the material

3. EQUILIBRIUM EQUATIONS AT THE PERTURBED STATE

In this paper, we aim at developing the RMVT-based FLMs for the quasi-3D
thermal buckling analysis of simply-supported, symmetrically FGEM plates integrated
with the surface-bonded piezoelectric actuator and sensor layers, with open- and
closed-circuit surface conditions and under a uniform temperature change. The material
properties of the FGEM core are considered to vary along the thickness according to a
power-law distribution in terms of the volume fraction of the constituents, and these are
also dependent upon the temperature. The detailed derivation of the related formulation
is described in the following sections.

3.1 The generalized kinematic and kinetic assumptions

Because the 3D linear stability theory is used, all the elastic and electric field
variables in the following derivation are measured from the critical equilibrium state,
and are regarded as their incremental quantities. The incremental elastic displacement

and electric potential components of a typical layer (i.e., the mth-layer) of the plate, of
which the domains are in 0<x<L,, 0<y<L, and ¢,,<z,<¢,, are given by

n,+1

uboyzg)= 3 0 )] G ) (2a)
P 603.20)= 32 b el b Gy (2b)
020 nz)= 3 b)) e (20)
oM, ,2,)-3 e, B0 v (2d)

i=1

where u{”, u{” and u” denote the incremental elastic displacement components of

the mth-layer of the plate in the x, y and ¢ directions, respectively, and o™ is the
incremental electric potential of the mth-layer of the plate; ™), v™), W) and

(¢(m)>i are the incremental elastic displacement and electric potential components at

the i™-nodal plane of the mth-layer of the plate; and (»™),, (»™) and (z//;,’“’)i are the

u w

corresponding shape functions; n,, n, and n, denote the related orders used for

expansion of the in- and out-of-plane displacement and electric potential components in
the thickness direction, respectively.

The incremental transverse shear and normal stress components, and the
incremental normal electric displacement one, are also regarded as the primary
variables in these RMVT-based FLMs, and are assumed as follows:
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n, +1

A2y z) =3 i )] [0 v (3a)
SIORERES VLIS N I 8 (3b)
o0 v2)= 3 b e ot (30)
D0 (x y.2,)- 3 P e, D5 vl (3d)

i=1
where (), %), (), and (p{") are the incremental transverse shear and normal

stress components and the incremental normal electric displacement one at the i™-nodal
plane of the mth-layer of the plate; (yxﬁm))i, (y/(m))i and (W(J”))i are the corresponding shape

o

functions; n., n, and n, denote the related orders used for expansion of the

transverse shear and normal stress, and normal electric displacement components in the
thickness direction, respectively.

For a typical layer, the linear constitutive equations, which are valid for the
orthotropic piezoelectric materials, are given by

a™] e ¢ ™ o o o0][e 0 0 e] [em]
a e e ™ 0o o o0 || 0 0 e Em cm
o _ <o o™ 0o 0 0 e™ 1o 0 ey E(Xm) el T™ . (4a)
(7 0 0 0 ¢ 0 0P| 0 e 0 m||0 ’
{7 0 0 0 0 c™ o |[yP] |e™ o0 o0 ¢ 0
) Lo 0 0 0 0 Y] Lo o 0 | 0 |
gm
g(m)
D™ 0o 0o 0o 0 e o "0l s o ol[E™][o
DMWi=l 0 0o o0 e o0 of{:ls 0 2P o |[EP|-| 0 |T™, (4b)
DO |e e e o o of"xl |0 0 4P [ED| |[ep
V¢
7():;1)

where T™ denotes the temperature change of the m™-layer, and T™ =AT in the
uniform temperature change case; o, ¢,---, and ¢’ are the incremental stress

components, and &9, £ ,..., and ¢ are the incremental strain components;

X Xy
DY, b and D™ are the incremental electric displacement components, and
EM, EY and E?Y are the incremental electric field components; the pyroelectric

constant (e ) and the stress-temperature coefficients (¢ ) are defined as

el el o+l o™ 4l o™ and ¢ =cPa®+cPal+cPa (i=1-3); ™, e and 7™

are the elastic, piezoelectric and dielectric permeability coefficients, respectively, which
are variable through the thickness coordinate in the FGPM layer, while they are
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constants in the homogeneous one, and e/” =0 for elastic layers.

3.2 The Reissner Mixed Variational Theorem

The Reissner mixed variational theorem is used to derive the Euler-Lagrange
equations of the plate for RMVT-based FLMs, and its corresponding energy functional
for the plate is written in the form of

h, /2
(m) (m) (m) (m) (m) (m) (m) _ (m) (m) _ (m) (m) _ (m)
H zj.h/z.”n +O_ +U§ +T§7/X§ +T 7y¢+7xy Vxy

~ DM EM - DM EM — DMEM —B(o(™, DM )] dxdy dz,,

Ij 4

hy, /2

S 3 I N R T e

_ZIh /2J~ (m) (m)+t(m) (m)+t(m) (m))drdz (5)

hy, /2

h, /2
_th,zj [ — T+ @ - TP + @ - TP Jardz,

_z J'hh’/zzj (m)cD(m) dFdz _z J‘h /2I D(m) m _ (m))drdz

where Q denotes the plate domain on the x-y plane, and T, I, T, and T,
denote the portions of the edge boundary, in which the surface traction, elastic
displacement, normal electric displacement and electric potential components are
prescribed, respectively (i.e., t,=f, and u, =t,, inwhichi=x,yand ¢; ®=®; D, =D,);
B(cy;. D,) Is the complementary energy density function; and £{” and :{” denote the

second-order term of the incremental quantities of Green-Lagrange in-plane strains,
and these are given by

S (T ST R 22 (62)
B waf4wuf+wm)bz (6b)

We take the incremental elastic displacement, transverse shear and normal stress,
electric potential and normal electric displacement components to be the primary
variables subject to variation. Using the generalized kinematic and kinetic assumptions,
which were given in Egs. (2)-(3), we may express the first-order variation of the
Reissner energy functional, as follows:
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— — \T'
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— DM [E(m)+e(m) (Q(m>)73<m) cm D(’“)]}dxdydz
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_i I“h ’/22 [ (™ su® + £ U™ + £ Q™) drdz,,
o2,
S 1] e, S [ ] (00 a0 o,
N, hy /2

_Z J. o 12 J. [(u(m) —(m))&(m) + (u(m) (ym))ét(ym) + (U(?) _U(;m))&(?)]drdzm,
m=1

where the superscript of T denotes the transposition of the matrices or vectors; and T,
and 1, stand for the boundary edges, in which the essential and natural conditions are
prescribed.

m m m m m m m m m m m m m
gé):[gi) PR yiy)]Tng)u”, 55()—[7§4) y§4)]T=Bg)u()+B§)w”,
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3.3 Euler—Lagrange equations

The edge boundary conditions of each individual layer are considered as fully
simple supports with free electric potentials, which requires that the following quantities
are satisfied.

UM =ulm =™ =™ =0 at x=0, x=L, and m=12,---,N,, (8a)
u™ =u" =" =™ =0, at y=0, y=L, and m=12-,N,. (8b)

By means of the separation of variables, the primary field variables of each
individual layer are expanded as the following forms of a double Fourier series so that
the boundary conditions of the simply supported edges are exactly satisfied. They are
given as

( o, ri?)) ZZ( o, f?nln) cosfmix sinfiy , (9a)
m=1 A=1

e, e @)=>">" (@, o@,) sinfix cosiiy |, (9b)
m=1 A=1

(Uém)’ o, DY, @(m)) > (w(m), o, DY, ¢(m))sinrﬁx sinfly . (9¢)
m=1 A=1

Introducing Egs. (9a)-(9c) in Eq. (7) and imposing the stationary principle of the
Reissner energy functional (i.e., s11, =0), we obtain the Euler—Lagrange equations of
the plate as follows:
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KMo KM KM, KM 0] ‘G o o0 0 0 o]|[a™] [0]
0 0 KMy KMy 0 0 o G 000 0ff|w™ 0
S TKP KL K 0 0 QW —(AT) 0 0 000 Offfz™ _ 0 (10)
m=1 K$$)I Kfs)ll O KE{/n)IV Kf\m/)v O O 0 O 0 0 0 G(m) 0 ’
KO, 0 0o K, KM, KY, 0O 0 000 O|[D™] |0
L 0 0 K@ 0 K@, K@y Lo 0 000 0fjje™] [0
where Kfm;=(Kgm3)T (i,j=1, v, v, 1), G and G{) are the element linear and

geometric stiffness matrices, and they are not shown in here for brevity.

Using Eg. (10) and assembling the local linear and geometric stiffness matrices of
each layer, in which the elastic displacement, transverse stress, electric potential and
normal electric displacement continuity conditions at the interfaces between adjacent
layers are imposed, and thus satisfied a priori for the RMVT-based FLMs, we may
construct the global linear and geometric stiffness matrices for the axial compression-
loaded cylinder. The resulting system equations are given by

Ky 0 K, K, Kg 0 (G, 0 0 0 0 0f||[u] [O
0 0 K, K, 0 0 0 G, 000 O0|||w]| |0
Ky Ky Ky 00 0 Ky _(aT) 0 0 0000 |c|_ |0 (1)
K, K, 0 K, K, 0 0 0 00O0O||[|of| |O
Ky 0 0 Ky Kg Kg 0 0 00O0O|l|D| |0
|0 0 Kg 0 Kg Kgf |0 0 00 0 0] |® |0
From the last four equations in Eq. (11), we obtain
T Ky O 0 Ky B Ky Ky
o__ 0 Ku Kg 0 Ky Ky flu . (12)
D 0 Kg Kg Kg| [Kgg 0 [w
o Kie 0 Kg Kgl| | 0 0

Substituting Eq. (12) in Eq. (11) leads to a set of condensed equations, as follows:

K33 0 0 K36 ) K3l K32

Kn_(AT)Gn 0 _ K Ky K 0]} 0 Ky, K 0 Ku Kg u _ 0 (13)
0 ~(AT)G, | |Ky Kyu 0 0]) 0 Ky Kg Kgl| [Ky 0| |w] (0]
K K

Equation (13) represents a standard eigenvalue problem, and a nontrivial solution of
this exists if the determinant of the coefficient matrix vanishes. The critical temperature
changes, (aT),, of the plate for a set of fixed values (i, A) can be obtained by

Kll_(AT)Gll 0 _ K13 K14 K15 0 0 K44
0 ~(AT)G,, | |Kyx K, 0 0f] 0 K
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Once Eq. (14) is solved, the eigenvalues and their corresponding eigenvectors,
which are (aT), and [u w]", can be obtained, and then the other primary field variables

can also be determined using Eq. (12). Subsequently, the secondary field variables (i.e.,
in-surface stress and electric displacement components at the nodal surfaces) are
obtained using the determined primary field variables.

4. ILLUSTRATIVE EXAMPLES

In the formulation a notation LM "™ is defined to represent various RMVT-based

FLMs, in which the in-, out-of-plane elastic displacement and electric potential
components are expanded as the n,-, n,- and n,-order Lagrange polynomials in the

thickness coordinate of each layer, respectively, while the transverse shear, normal
stress and normal electric displacement components are expanded as the n,-, n_-and

n,-order Lagrange polynomials in this. In addition, an h-refinement process is adopted
for this analysis, and the values of n, (i=u, w, ¢, 7, candd) are thus taken as 1, 2 and 3
in the following examples.

4.1 Sandwiched FGEM plates

In this section, we investigate the thermal buckling behavior of simply-supported,
sandwich FGEM plates (i.e., [FGEM/ceramic core/FGEM] ones) subjected to a uniform
temperature change. The thermal buckling problem has been studied by Zenkour and
Sobhy (2011) by using the sinusoidal shear deformation plate theory (SSDPT), higher-
order shear deformation plate theory (HSDPT), first-order shear deformation plate
theory (FSDPT) and classical plate theory (CPT), and these solutions are used here to
validate the accuracy and convergence of the RMVT-based FLMs with various orders.
The face sheets of the plate are composed of metal (Titanium alloy, Ti-6Al-4V) and
ceramic (Zirconia, ZrO;) materials, and the core is fully Zirconia. The material
properties of the FGEM face sheets (i.e., layers 1 and 3) are assumed to obey the
power-law distribution through the thickness of these in terms of the volume fractions of
constituents, as follows:

c-¢ )"
ro(s)=| 2% LSC<C, 15a
(g) (gl_goJ C; C é’ ( )
F(Z)(§)=1 §1£§§§21 (15b)

£-¢, )"
ro)=| 225 L<C<E,, 15¢
9 (@—:J (,<¢<C (15c)

where k, denotes the material-properties gradient index, and r™(¢) is the volume
fraction of ceramic in the m™-layer. When x,=0, the material will be ceramic-rich, while

it will be metal-rich when K, =0,
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Table 1. Convergence studies for the present FLM solutions of the lowest
critical temperatures (AT, ) of square sandwich FGEM plates under a
uniform temperature change and with different aspect ratios and material-

property gradient indices (x,=0.5).

Theories L/h=5 L/h=10 L/h=50

(h, A)=(1,1) (mA)=(1,1)  (hA)=(1,1)
Present LM (N,=3) 2.74507 e+3 0.78676 e+3  0.03307 e+3
Present LMi;(N,=6) 2.74478 e+3 0.78665 e+3  0.03306 e+3
Present LMj; (N,=12) 2.74468 e+3 0.78661 e+3  0.03306 e+3
Present LMj; (N,=24) 2.74464 e+3 0.78660 e+3  0.03306 e+3
®Present LM (N,=24) 2.84782 e+3 0.79584 e+3 0.03308 e+3
Present LM% (N,=3) 2.74510 e+3 0.78675 e+3 0.03307 e+3
Present LM% (N,=6) 2.74479 e+3 0.78665 e+3 0.03306 e+3
Present LM% (N,=12) 2.74468 e+3 0.78661 e+3  0.03306 e+3
Present LM% (N,=24) 2.74464 e+3 0.78660 e+3  0.03306 e+3
®Present LMZ(N,=24) 2.84782 e+3 0.79584 e+3  0.03306 e+3
Present LM (N,=3) 2.74509 e+3 0.78675 e+3 0.03308 e+3
Present LM% (N,=6) 2.74479 e+3 0.78665 e+3 0.03306 e+3
Present LM% (N,=12) 2.74468 e+3 0.78661 e+3 0.03306 e+3
Present LM (N,=24) 2.74464 e+3 0.78660 e+3  0.03306 e+3
®Present LM (N,=24) 2.84782 e+3 0.79584 e+3  0.03308 e+3
SSDPT 2.83331 e+3 0.79463 e+3  0.03308 e+3
HSDPT 2.83224 e+3 0.79456 e+3 0.03308 e+3
FSDPT 2.80230 e+3 0.79223 e+3 0.03307 e+3
CPT 3.31343 e+3 0.82835 e+3 0.03313 e+3

®The solutions are obtained by using the von Karman nonlinear strains.

The effective material properties of the sandwich FGEM plates are estimated by
using the rules of mixture, and given by

EM(S)=E,+(E.-E,) T (S), (16a)
0™ (¢)=constant, (16b)
a M(¢)=ay +(a. —ay,) T™(), (16c)

where E, and «, are Young’s modulus and thermal expansion coefficient of the metal
material, while E_and o, are those of the ceramic material, and v is Poisson’s ratio.
These material properties used in Table 1 are E,=662GPa, a,=10.3e—6(/°C),
E, =244.27 GPa, a, =12.766e—6 (1/°C) and o, =v, =0.3, which are the same as those used
in Zenkour and Sobhy (2011) for comparison purposes.
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According to Wu and Li's conclusions (2010), a set of identical orders
(n,=n,=n_=n_=120r3) used for expansion of the elastic displacement and
transverse stress components in the RMVT-based FLMs will yield more accurate
results and faster convergence rates than the other selected orders for the static and
vibration problems. In this test case, we thus keep the orders of n,, n,, n_ and n,

constant and identical to one another.

w?

Table 1 shows the results of the accuracy and convergence studies for the RMVT-
based FLM solutions of the critical temperature parameters of these sandwiched FGEM
plates, in which the numbers of divided layers are N,=3, 6, 12 and 24 with an equal

thickness for each layer. The geometric parameters of the plates are takenas L, /L, =1,
L, /h=5,10 and 50, h,:h,:h,=h/3:h/3:h/3, x,= 0.5.It can be seen in Table 1 that the

p
LM%, LM% and LM% solutions converge rapidly, and the 6-layer LM}, LMZ and LM3
solutions are identical to one another. The performances of these RMVT-based FLMs
are LME >LMZ >LM}, even though the differences among these are very minor, in
which “>” means more accurate and a faster convergence rate with respect to the
accurate 2D solutions obtained by Zenkour and Sobhy (2011) using the SSDPT and
HSDPT. In addition, the convergent solutions obtained using the von Karman
nonlinearity terms are larger than those obtained using the full nonlinearity terms by
about 3.8%, 1.2% and 0.2% in the cases of L, /h=5, 10 and 25, respectively. The CPT
over-estimates the critical temperature changes by up to 20% and 5% in the cases of
the thick sandwich FGEM plates (L, /h=5) and moderately thick ones (L, /h=10),
respectively, as compared to the convergent solutions of LME. The CPT is thus

inappropriate for modeling the thermal buckling of thick FGEM plates. The critical
buckling modes always occur at mode (m, f)=(1, 1) through a wide range of the

length-to-thickness ratios from L, /h=5to L,/h=50,and L, =L,.

4.2 Sandwiched hybrid FGEM and piezoelectric plates with
temperature-dependent material properties

In this section, we examine the thermal buckling behavior of simply-supported,
sandwiched hybrid FGEM and piezoelectric plates (i.e., three-layered [PZT-
5A/FGEM/PZT-5A] plates) with open-circuit surface conditions and under a uniform
temperature change. The FGEM core is considered as a two-phase composite layer
consisting of the metal (Ti-6Al-4V) and ceramic (Zirconia) materials. The material
properties of the core are symmetric with respect to the mid-plane of this, and obey a
power-law distribution function through the thickness direction according to the volume

fractions of the constituents, v, (), which are given as Vv, (¢)=[[¢|/(h,/2)]", in which
V=1, when g:i(hglz) , such that E({:J_rh;/z):Ef : n(cj:ihglz):nf and
al¢=th; 12)=a, ; and V, =0, when ¢=0, such that E(=0)=E,, 5(¢=0)=zy, and
a(¢=0)=a,.

The effective material properties of the core are estimated by using the Mori-
Tanaka micromechanics scheme, given in Eqgs. (1) and (3), respectively. The explicit
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formulas for determinations of the temperature-dependent material properties of the
metal (Ti-6Al-4V), ceramic (Zirconia) and face sheets (PZT-5A) are given as follows:

For the materials Zirconia and Ti-6AL-4V (Reddy and Chin 1998),

P=p, [P, /T)+1+(R,T)+(P, T2)+ (P, T2). (17)
For the material PZT-5A (Shen 2009),
P=P,1+P (T-T,), (18)

where P denotes the material properties, T is the current temperature with °K, To is the
room temperature (To=300°K), and P; (i= -1-3) are the relevant coefficients, which are
listed in Reddy and Chin (1998) and Shen (2009), and are not repeated here.

The dimensionless critical temperature parameter of the plate is defined as
AT, =(a, L2 /h?)AT,,, in which &, =10 (°K)™.

Figure 2 shows variations of the critical temperature parameters of sandwiched

hybrid FGEM and piezoelectric plates with the length-to-width ratio and using the
temperature-dependent and -independent material properties, in which L, /h=10, «,

=5 , LJ/L,=05-5 and (m, f)=(@1). In Figs. 2 and 3, we redefine the critical

cr

as AT, =a, AT, in which «,=10"° (°k)”, in order to see
the magnitude order among the results. It can be seen in Fig. 2 that the solutions for
the critical temperature parameters of the plates obtained using temperature-dependent
material properties are much lower than those obtained using temperature-independent
properties, and the deviations between these solutions increase when the length-to-
width ratio becomes smaller.

temperature parameter, AT,

cr?

0.0035 — 7T 7T 7

. mm=— Temperature-dependent
0.003 |- L e Temperature-independent -

0.0025 |-
0.002 |- 3

AT,;,- - -
0.0015 |-

0.001 - \

o000sf- T TTTTTmmm—————m o

2
LJL,
Fig. 2 Variations of the critical temperature parameters of simply-supported, sandwiched hybrid
FGEM and piezoelectric plates with the length-to-width ratios
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Figures 3(a) and 3(b) show variations of the critical temperature parameters of
sandwiched hybrid FGEM and piezoelectric plates with the length-to-width ratios for
different values of the half-wave number, m, for the cases of L ,/h=10 and 20,

respectively, in which L, /L, =05-10, x,=3 and m=1-4. It can be seen in Fig. 3 that

the critical temperature parameters monotonically decrease, and then finally approach
a fixed value when the length-to-width ratio becomes greater, that those in the case of
L,/h=10 are greater than those in the case of L,/h=20 when the length-to-width ratio
is fixed, and that the lowest critical temperature parameters always occur at the
buckling mode, (f, A)=(1 1).

() (b)

ﬂ.ﬂOlS||||||l|||l|l|llll' 0.0015

T T T T 17 T T 1 1 1117

v =1 .
S = === =1
A 2 1 2
T ST
Lowest eritical
temperature parameter \

Lowest critical
temperature parameter

0001 - 1Y . 0.001 |- .

0.0005 |~

..... S T n 0.0005 % %\ -

1), S S T T Y T T T T Ty B 1Y) T T T T T T S T T
o 1 2 3 4 5 6 7 8 9 10 o 1 2 3 4 5 6 7 8 9 10

LJL, LJL,

Fig. 3 Variations of the critical temperature parameters of simply-supported, sandwiched hybrid

FGEM and piezoelectric plates with the length-to-width ratios for m=1-4, (a) L,6/h=10,
xk,=3,(0) L,/h=20, x,=3.

5. CONCLUSIONS

In this work we developed a unified formulation of various RMVT-based FLMs to
investigate the thermal buckling of simply-supported, sandwiched hybrid FGEM and
piezoelectric plates with close- and open-circuit surface conditions and under a uniform
temperature change. Two different approaches, considering the temperature-
independent and -dependent material properties, and the Mori-Tanaka scheme were
used to determine the critical temperature parameters of the plates. In the
implementations of these RMVT-based FLMs with the h-refinement process, we found
that the LM% and LM3 solutions for the critical temperature parameters converge

rapidly, and their convergent solutions are in excellent agreement with the 2D accurate
ones available in the literature when the length-to-thickness ratio is greater than 10.
The results show that the coupled electro-elastic effect will enhance the gross stiffness
of the plates, and that the effects of temperature-dependent material properties on the



The 2017 World Congress on
Advances in Structural Engineering and Mechanics (ASEM17)
28 August - 1 September, 2017, llsan(Seoul), Korea

critical temperature parameters of the sandwiched hybrid FGEM and piezoelectric
plates are significant.
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