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ABSTRACT 
 

This paper reports variability of effective elastic properties of a heterogeneous 
representative volume element (RVE) under displacement, traction and periodic 
boundary conditions. Effective stiffnesses of the heterogeneous RVE were obtained by 
finite element-based computational asymptotic homogenization method under three 
different boundary conditions. In addition, effects of spatial random distributions of 
matrix properties were also investigated. Varying effective stiffnesses with RVE 
heterogeneities are for micromechanics inverse characterization of constituents. 
 
 
1. INTRODUCTION 
 

Multiscale modeling and analysis have become a common engineering tool for 
design of advanced composite materials since not only does it allow design of 
microstructure but also predict root flaws that may lead to failure of structures. One of 
the key steps in the multiscale analyses of composite materials is the homogenization 
that can bridge multiscale models through effective properties. The effective properties 
of representative volume element (RVE) are affected by size of RVE, volume fraction, 
stiffness contrast of constituents, random geometry of the composite constituents, 
boundary conditions, etc. Typically, the effective stiffness is overestimated under 
displacement boundary conditions whereas underestimated under traction boundary 
conditions as provided by Voigt-Reuss and Hashin-Shtrikman theoretical bounds 
(Hashin and Shtrikman 1963). For RVEs having periodic microstructure, periodic 
boundary condition provides intermediate effective stiffness and shows faster 
convergence toward the effective stiffness as the RVE size increases.  

In addition to the boundary condition effects, the effective stiffness errors are 
also associated with stiffness contrast and geometry of the composite constituents, etc. 
(Hollister and Kikuehi 1992). According to Terada, et al.(Terada, Hori et al. 2000), as 
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long as the size of RVE is large enough under periodic boundary conditions, the 
effective stiffness of geometrically heterogeneous RVEs are reliably estimated by FE-
based computational asymptotic homogenization method. The morphology and random 
distribution of constituents’ properties are known as the most influential factors to the 
effective properties of composite materials (Salnikov, Lemaitre et al. 2015). Zhou et al. 
recently considered randomness of constituents’ material properties to quantify 
variability in the overall elastic properties of composite materials (Zhou, Gosling et al. 
2016). Variability of effective properties was compared for different homogenization 
methods such as Mori-Tanaka(Mori and Tanaka 1973), vanishing fiber 
diameter(Dvorak and Baheieldin 1982) and self-consistent method (Hill 1965) and two 
FEM-based cell methods by using a stochastic perturbation technique (Kaminski and 
Pawlak 2015). Although geometrical heterogeneity has been considered by 
researchers (Stefanou, Savvas et al. 2015), the spatial random distribution of material 
properties have not been studied in correlation with the RVE size. Spatial random 
distributions of matrix properties are due to uncertainty in chemical reactions around 
the matrix-fiber interface, random fiber-packing, and heterogeneous matrix-dominated 
stiffness reduction by damage evolutions under in-service mechanical and 
environmental loadings. The spatial randomness of matrix properties at the microscale 
has become even more significant in polymer nanocomposites which have non-uniform 
dispersion and distributions of nano-fillers (Spanos and Kontsos 2008). 

Numerous analytical (Hill 1965, Mori and Tanaka 1973, Benssousan, Lions et al. 
1978) and computational homogenization methods (Nguyen, Stroeven  et al. 2011, 
Zhuang, Wang et al. 2015) have been proposed in the past for linear(Zhuang, Wang et 
al. 2015), nonlinear(Zhu, Wang et al.) and even the multi-physics problems(Ozdemir, 
Brekelmans et al. 2008). The analytical homogenization methods based on the Eshelby 
inclusion solution (Eshelby 1957) are limited to linear materials and simple ellipsoidal 
inclusions. On the contrary, the computational homogenization method is applicable to 
any complex microstructure and even nonlinear problems. A Fast Fourier 
Transform(FFT)-based homogenization method was proposed as a computationally 
efficient approach (Salnikov, Lemaitre et al. 2015). In this study, a FE-based 
computational homogenization method (Yuan and Fish 2008) is adopted for obtaining 
effective properties of heterogeneous RVE. 

In this paper, effects of boundary conditions and spatial random distributions of 
constituents’ properties on the effective properties were investigated. In Section 2, 
theoretical backgrounds and boundary conditions are revisited. It is followed by random 
field modeling and computational homogenization technique in Section 3 and 4, 
respectively. Results are discussed in Section 5. Finally, conclusions are summarized 
in Section 6. 
 
 

  



  

2. EFFECTS OF BOUNDARY CONDITIONS 
 

The RVE is defined as a volume that has effective stiffness invariant to 
boundary conditions. For a volume element smaller than the RVE, the effective 
stiffness is affected by the boundary conditions. Therefore, they are distinguished from 
the effective stiffness by the name of apparent stiffness. The volume giving the 
apparent stiffness is named as an “apparent RVE” herein. The window size is defined 
as a ratio of edge length (L) of RVE to characteristic length (d) of inclusions, which is 

=L/d >>1. For an apparent RVE, the apparent stiffness under displacement boundary 
conditions converge to the effective stiffness from upper bounds as the window size 
increases. On the contrary, the apparent stiffness under traction boundary conditions 
converge to the effective stiffness from lower bounds as the window size increases. 
Voigt and Reuss bounds provide the theoretical upper and lower bounds, respectively.  
 Under the homogeneous boundary conditions, the volume average stress( ) 
and strain( ̅ ) are related by Hookes’ law, 
 ̅     and   ̅   (1) 

where  are the effective elastic moduli and  are the effective elastic 
compliances. By the average stress and strain theorem, the average stress and strain 
are identical to the homogeneous boundary stress( ) and strain( ), respectively as 
long as inclusions are perfectly bonded to the matrix.  

Applying the average strain theorem, the displacement boundary condition 
(DBC) can be expressed as 
 Γ , ∀ ∈ Γ (2) 

where  is a uniform strain that is independent with a location ; and Γ is the 
surface boundary.  
Applying the average stress theorem, the traction boundary condition (TBC) can be 
expressed as  
 Γ , ∀ ∈ Γ (3) 

Where  is a uniform stress that is independent with ; the vector normal to Γ at  
is denoted by ; and  is the traction. Under both DBC and TBC, “unit” strain or 
stress can be applied component-by-component to the RVE and corresponding 
stresses or strains become stiffness and compliances, respectively. 
The periodic boundary condition (PBC) can also be used to determine the effective 
stiffnesses. The PBC can be expressed as 
 , , ∗ , ,    , , ∗ , ,  (4) 

 is the average strain of periodic structure and the  and ∗ are displacement 
components at corresponding points on the facing surfaces.  and ∗ are traction 
components. 
 As aforementioned, the effective stiffnesses for apparent RVE take hierarchical 
bounds as 
 C   (5) 

where C  and  are Reuss and Voigt bounds; the superscript “app” means apparent 
stiffness and compliance; the subscript “d” and “t” indicate DBC and TBC, respectively.



  

3. EFFECTS OF SPATIAL RANDOM DISTRIBUTIONS OF RVE PROPERTIES 
 
 As aforementioned, matrix properties could show non-uniform distributions within 
RVE. Their infinite dimension in the probability space can be reduced to finite 
dimensions by three-dimensional Karhunen-Loève (KL) expansion method. 
 The KL expansion decomposes a spatial random field , ,  to a 
deterministic and a stochastic part as follows 
 , , 	 	 	 ∑   (6) 

where 	is	the mean value,  is the normal variable, , 	are the eigenvalue 
and eigenvector of an analytical covariance kernel, respectively. The solution of 
Fredholm integral equation is ,  
 ,   (7) 

In the Fredholm integral equation, ,  is a covariance function that takes an 
exponential form: 
 , 	   (8) 

Where , ,  and , ,  are randomly selected two points in the 
domains; σ  is the variation; and  is the correlation length in ith direction. Galerkin 
finite element method was used to discretize the KL eigenfunctions. 
 
 
4. FE-BASED COMPUTATIONAL HOMOGENIZATION METHOD 
 

There are six loading cases where one of the coarse-scale strains is unit with 
zero for the rest of other strains. Then the homogenized linear elastic constitutive 
tensor components are given as 
 

1
|Θ|

Θ
1
|Θ|

Θ  
(9) 

Where  is the displacement influence function under the course-scale strain (i.e. 
displacement) boundary conditions ( 1) and 0.5 	  is the 
fourth-order symmetric tensor. The stress influence function  are stresses  
generated by subjecting the RVE to a unit coarse-scale strain 1. When the six 
loading cases of the coarse-scale stress (i.e. traction) boundary conditions( 1) 
are applied, the homogenized linear elastic compliance tensor components are given 
as 
 

1
|Θ|

Θ
1
|Θ|

Θ  
(10) 

where  is the stress influence function under 1, which transforms coarse-
scale stress fields to fine-scale stress fields. The strain influence function  are 
strains  generated by subjecting the RVE to a unit coarse-scale stress 1. The 
effective stiffness and compliances in Eq. (9) and (10) are computed numerically as 
follows  
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