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ABSTRACT

In this study, Vector Form Intrinsic Finite Element (VFIFE) method has been
applied to analyze the large displacement of thin shell structures. In VFIFE, the
structure is discretized for finite particles and apply Euler's law of motion. With the
concepts of particle description, path element, convected material frame, the nonlinear
motion of structure elements in each path element are large displacement but small
deformation. Thus, the mechanics of materials and classical mechanics with CST
(constant strain triangle) and DKT (discrete Kirchhoff triangle) elements to simulate the
membrane and plate behavior of the thin shells. Numerical examples for twisted beam
and hemispherical shell with end force have been conducted to verify the accuracy of
this newly proposed VFI thin shell element.

1. INTRODUCTION

Many finite element methods for large displacement of thin shell structures have
been proposed so far, but there are still some difficulties in analyzing. In the large
displacement analysis region, there are mainly three kinds of categories which are all in
accordance with the traditional continuum mechanics: (1) Total Lagrangian Formulation
(Bath and Bolourchi 1980), (2) Updated Lagrangian Formulation (Bath and Bolourchi
1980), and (3) Corotational Formulation (Batoz 1982, Battini and Pacoste C. 2006, Li
and Vu-Quoc 2007; Norachan et al. 2012 ). In recent years, Ting et al. proposed Vector
Form Intrinsic Finite Element method based on Euler's law of motion and particle
description (Ting et al. 2004), which can be used for geometric nonlinear analysis of
solids and structures.

In this study, Vector Form Intrinsic Finite Element (VFIFE) method is used to
analyze the large displacement and rotation of thin shell structures. With the concepts
of particle description, path element, reverse rigid body motion, the nonlinear motion of
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the thin shell structure can be simplified. A procedure is proposed to analyze shell
structure behavior.

2. CONCEPT OF VFIFE

VFIFE is based on structural mechanics and avoids the difficulty of solving the
iterative equations of partial differential equations in traditional nonlinear structure
analysis. The concepts in VFIFE are: (1) point description, (2) path element and (3)
convected material frame.

During the analyzed time interval of the motion of particles, the Euler’s law of
motion is applied, and the internal membrane forces and moments are calculated using
constant strain triangular (CST) element and discrete Kirchhoff triangular (also called
VFIFE-DKT in this paper) element (Batoz et al. 1980) under the deformation coordinate
respectively.

2.1 Point Description, Path Element and Convected Material Frame

The analyzed structure is discretized as finite particles. The space surrounding
with particles is an element. The governing equations in motion analysis are a set of
equations that describe the movement of particles over time. Path element is a small
time interval which is used to describe the process of particle motion. The structure
elements will perform small deformation and small rotation in each path element. Then,
in each path element, the mechanics of the materials and engineering mechanics can
be applied. The trajectory of the particles over the analyzed time are used to describe
the structure deformation in the analyzed space, as shown in Figure 1.

Fig. 1 Point description, path element and convected material frame
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During each path element, there are four configurations to analyze. The structure at the
initial state t=t is V,, at t=t, is the reference configuration V,, the current
configuration at time t is V,, and the virtual configuration is V,.

The relative position vector dx in the current configuration can be represented
by the relative position dx, of the deformation gradient and the reference configuration,

dx = Fdx, = RUdx, (1)

The relative position vector dx, under the virtual configuration V, can be

represented by the relative position of the predicted deformation gradient and the
current configuration, or by the relative position of the reverse rigid body rotation matrix
and the current configuration,

dx, =F dx =R} dx (2)

Substitute equation (1) into equation (2), and the inverse rigid body rotation matrix
in the virtual configuration is approximated by the rigid body rotation matrix,

dx, = F,Fdx, =(R/R)Udx, = Udx, (3)

For a deformable body, the initial configuration V, in the path element is used to

be the reference configuration of deformation of the structure. The reference
configuration is updated in each path element, so the estimated motion will be updated.
This is the convected material frame which is the basic concept of motion analysis.

2.2 Governing Equations

As shown in Fig. 2, each patrticle is subjected to internal forces and external
forces. Based on the Euler's law of motion, the motion of each particle is represented
by the independent equations,

miti, =F, —f, (4)
iiﬁi = Mi —m; (%)
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(b) Particles subjected to external forces and internal forces
Fig. 2 Internal forces on particles and structure

The mass matrix in equation (4) use the concept of lump mass, and the mass
moment of inertia in equation (5) is calculated from the plate mass moment of inertia.

3. Motion analysis of VFIFE-DKT

Element deformation only relate to the pure deformation in the deformation
coordinate. The rigid body motion must be removed from the displacement and rotation
of the shell element. Reverse rigid body motion, deformation coordinate and convected
material frame is performed in the calculation of the element internal forces.

3.1 Reverse Rigid Body Motion
As shown in Fig. 3, attime t , the unit normal n is calculated from the triangular

shell element formed by the particles i', j', and k'. The virtual configuration V,

(element can be determined by the reverse rigid body translation and rotation of the
current configuration V,. In addition, the rigid body rotation is calculated using the

quaternion rotation (Hamilton 1853, Dam et al. 1998, Kuipers 1999). The centroid of the
element C, is selected as a reference point. Therefore, the total rigid body rotation

vector of the element is
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0= 0,% (6)

where @, and g, are the out-of-plane rotation and in-plane rotation respectively.
The quaternion is composed of in-plane rotation and in-plane rotation.

Fig. 3 Reverse rigid body motion of an element

3.2 Deformation Coordinate
After the removal of the rigid body motion, the current configuration has been
moved to the reference configuration. In order to calculate the deformation, deformation

coordinate (X,¥,Z) has been set up and the coordinate origin is set at one of the

particles of the reference configuration. In Figure 4, the three base vectors (&, ,8,,8,) of
the deformation coordinate can be defined as

d
&=L (12)
‘"J‘
é,=n, (13)
. e,xé
€, = AS Al (14)
8, x8

e, & &) (15)

The transformation matrix Q is used to transform parameters (such as position
vectors, displacements and forces) from global coordinate system to deformation
coordinate system.
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Fig. 4 Element deformation and deformation coordinate

3.3 Virtual Work and Virtual Strain Energy
In VFIFE, the equivalent internal forces of the shell element from pure
deformation between reference configuration and current configuration is calculated in

the deformation coordinate system (X,Y¥,Z2). Since the internal virtual work W

induced from internal force which is equal to the virtual strain energy &J from
deformation, the internal force can be calculated. In addition, the virtual strain energy is
also composed of membrane effect and bending effect,

sU=06U_+6U, (16)
and,

U, = [ 516,V (17)

8U, = [, 6] 5,0V (18)

where ém and 5b are the membrane and bending strains respectively, and correspond
to the normal and bending stresses.

3.4 Internal Membrane Force

The equivalent internal forces associated with the deformation of membrane and
bending effects of the element in the deformation coordinate is calculated from the
equivalent of virtual work and virtual strain energy. The internal membrane forces and
bending moments are calculated from the followings

f'=[ Blé.av={f, f. £} (19)
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Internal moments can be directly determinate from equation (20). The remaining
three internal membrane forces can be further determined from the equilibrium
equations. The shear forces induced from bending effect can be also determined from
the equilibrium equation of moments and shear forces.

3.5 Internal Moment and Internal Force

As shown in Fig. 5 and Fig. 6, in deformation coordinate, six in-plane forces from
CST element, three shear forces and six moments of the bending effect from the
VFIFE-DKT element are obtained from the derivation in the previous section. To

perform all analyses in the current configuration V, in global coordinate system, all
forces and moments represented in the virtual configuration V, in the deformation

coordinate system must be transformed into global coordinates. The internal forces and
moments in the deformation coordinate are

f={f f, f f 6, 0 f f, 6 (1)
m,={m, m, 0 m, m, 0 m, m, o (22)

) i

z
Fig. 5 Internal membrane forces on CST element
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Fig. 6 Internal shear forces and moments on VFIFE-DKT element

These internal forces and moments in global coordinate will be introduced to
equation (4) and (5). Apply central difference method, the displacements and rotations
solved from equation (4) and (5) will be the initial value of the next path element.

4. NUMERICAL EXAMPLES

In this section, two numerical examples are performed to illustrate the accuracy of
the VFIFE-DKT element. The first example is the twisted beam problem to verify the
accuracy when the shell is warped. The second example is the hemispherical shell
which has finite rotations and large rigid body motions analysis to verify the ability of
VFIFE to handle this kind of problem.

4.1 Twisted Beam

This example is often used to verify the ability of the shell element to obtain
correct response when the shell is warped. The analyzed structure with a 12x2(x2)
mesh is described in Figure 7. The beam is applied a load (see Fig. 8) at one end and
clamped at the other end. The end displacement of the beam is calculated. As shown in
Fig. 9, VFIFE performs very well accuracy compare to the result of Wu et al. (2005).

viampe
Length=12 Pe
width=1.1
E =2.9x10’
p=25x10"
t=0.32
v=0.22

Fig. 7 Beam layout
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Fig. 8 External load history applied on the twisted beam
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4.2 Hemispherical Shell

This example assesses the ability of element to handle finite rotations and large
rigid body motions. As shown in Fig. 10, the geometrical dimensions of the
hemispherical shell are radius R=10 and thickness t=0.4 . The material properties
are taken as Young's modulus E =6.285x10", Poisson’s radio v=0.3 and density
p=25x10". The damping is not considered. Due to the symmetry of the geometry and
loading, only consider a quarter of the hemispherical shell and 114 elements in
modeling. Constant loads are applied at two points as shown in Fig. 11. The exact
solution for the static radial displacement at the loading points is 0.0924 from Wu et al.
(2005). The VFIFE calculation nresults are shown in Fig. 12. It can be shown that
VFIFE provides good results in this calculation compare with Wu et al. (2005) and
Zheng et al. (2011).
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Fig. 10 Geometry and material properties of hemispherical shell
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Fig. 12 Free end displacements of the thin plate
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5. CONCLUSIONS

In this paper, a new method Vector Form Intrinsic Finite method (VFIFE) based
on particle calculation internal force is developed, which is applied to the motion
analysis of thin shell structures. VFIFE can be used to calculate large displacement and
large rotation of nonlinear motion of thin shell structures. Using the point description,
path element, reverse rigid body motion and convected material frame, the complex
motion problem can be analyzed effectively. The finite rotation theory is adopted to
effectively remove the displacement caused by the rigid body during rapid vibration. In
numerical examples, the VFIFE verified that the results maintain convergence,
accuracy in the analysis of thin shell structures with large deformations.
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