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ABSTRACT

This paper presents a variational model formulation for free vibration of a very-large-
sag extensible catenary riser. In the static equilibrium state, the catenary riser has a
large-sag configuration. In the motion state, the catenary riser is assumed to displace
with large amplitude from the static equilibrium position. The total virtual work of the
catenary riser system involves the virtual strain energy due to bending, the virtual strain
energy due to axial deformation, the virtual work done by the effective weight, and the
inertia forces. The difference between the Euler's equations in the static state and the
displaced state yields the nonlinear equations of motion for two-dimensional free
vibration in the Cartesian coordinate system. The system is linearized to obtain the
linear stiffness matrices and mass matrix of the catenary riser. The Galerkin finite
element procedure is used to obtain the Eigenvalue problem. The natural frequencies
and mode shapes are obtained. Interesting vibrational behaviors of the large-sag
catenary riser are highlighted in this paper.

1. INTRODUCTION

A catenary riser is a long, slender pipe suspended in the catenary shape between
the seafloor and fixed or floating platform on the water surface. It is commonly used in
deep-water offshore engineering for conveying fluids such as oil, gas, or injection fluid.
The catenary riser is designed to withstand the severe applied force and environmental
loads, which induce severe internal stresses and motion, during the lifetime of an
operation. The natural frequencies and mode shapes of the catenary riser are the
important dynamic properties used to understand the vibrational behavior and the
significant parameters used in the design stage. At present, most research on catenary
risers is limited to large-sag catenary risers with small amplitude of vibration. To the
authors’ knowledge, there is no example in the literature of a very large sag with large-
amplitude vibration. Therefore, the purpose of this research work is to focus on the
development of a model formulation for a very-large-sag extensible catenary riser with
large-amplitude free vibration. However, the numerical solution presented in this paper
is limited to small-amplitude free vibration analysis of a very-large-sag extensible
catenary riser in two dimensions. A literature review of research related to catenary
risers is presented in this paper.
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Moe and Arntsen (2001) proposed an analytical solution for static analysis of a steel
catenary riser under the influence of its own weight. Inextensible and extensible models
were considered. Chucheepsakul, Monprapussorn, and Huang (2003) presented a
mathematical formulation for large strain, extensible, flexible marine pipes transporting
fluid. The large strain formulations were developed by using the principle of virtual work
and the vectorial method considering both Cartesian and natural coordinates.
Chatjigeorgiou (2008) proposed a finite difference solution method formulation for the
simplified linear and nonlinear dynamic analysis of the catenary riser. The numerical
results for static and dynamic responses were reported. Srinil and coworkers (2009a,
2009b) investigated vortex-induced vibration of a catenary riser subjected to ocean
current forces. The riser is modeled using a pined-pined beam-cable model with
bending and extensibility stiffness. Various behaviors of the response amplitude
diagram, such as multi-mode lock-in, switching, sharing, and interaction features, are
described.

Athisakul, Klaycham, and Chucheepsakul (2014) investigated static configurations
of a steel catenary riser using the variational formulation and the finite element. The
critical top tension and the possible configuration when the applied top tension was
higher or lower than the critical top tension, providing unstable and stable
configurations, respectively, were reported. Nonlinear free vibration analysis of a steel
catenary riser transporting fluid was proposed by Klaycham, Athisakul, and
Chucheepsakul (2014) based on Hamilton’s principle. Instability analysis on the static
state and vibration of a flexible riser conveying fluid were fully investigated by Kim and
O’Reilly (2019). The riser, which can be either extensible or inextensible, was modeled
in three-dimensional space and supported by the pinned-pinned ends. The static
configuration of the riser was obtained numerically by using the finite difference
scheme. A parametric study of the effects of the current and internal flow on the
stability and dynamic behavior of the riser were carried out.

2. VARIATIONAL MODEL FORMULATION

Configuration of the large-sag extensible catenary riser in three states—static,
dynamic, and undeformed—is illustrated in Fig. 1. A variational formulation of the
mechanical behavior of the catenary riser is derived based on the work-energy principle
in a two-dimensional Cartesian coordinate system. The catenary riser is modeled
between the hinged support at one end and the free-sliding support at the other end.
For analysis of the static equilibrium configuration, the bending strain energy is an
internal strain energy while the external virtual work done is composed of the top
horizontal tension force, effective weight, and the wave and current drag force. The
virtual work for dynamic analysis involves the energy due to bending and axial strain
while the external virtual work done is composed of the effective weight and inertia
force. The arc-length coordinate is used as an independent variable.
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Fig. 1 Configuration of the catenary riser in three states.

The geometrical configuration of the catenary riser in three states, as shown in Fig. 1,
provided the following relation:

d !/
sinf = Do _ y_? (1a)
dsy  S§
dx, x{
cosO s, 5] (1b)
o’ = %" + 3y’ (10)

The prime symbol () denotes the derivative with respect to the unstrained arc-
length §, subscript () defines the parameters in the equilibrium state, the angle (9) is
measured between the arc length of the catenary riser and the horizontal. The
curvature (k) of the catenary riser element can be obtained by differentiating Eqg. (1a)
with respect to the arc-length parameter s, and gives

dé Yo

K = =
By ?

The total axial strain (g,) of the extensible catenary riser in the equilibrium state can be
defined by

dSO - d§

ds ®)

&y =
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The arc length of the catenary riser in the static equilibrium state ds, can be expressed
in terms of the Cartesian coordinate components (x,, y,) by

dsy = (1 + &)d5 = fx(’)z +y.2ds (4)

where ds is the infinitesimal arc length in the undeformed state. With Egs. (1c) and (4),
yield the following expression:

v = (e -y ®

The total virtual work of the catenary riser in the static equilibrium state is composed
of the bending strain energy, the external virtual work done due to the top horizontal
tension force (Ty), the effective weight (w,), and the wave and current drag force,
developed by Punjarat and Chucheepsakul (2019) as follows:

!

( Elyy Elygys” Y6
St Iﬁ Yo ﬁé‘y(’)'{'TH
57T=f 4 Yo (1-%") J(1+80)2—y62
0

L+We6:)/0 + (any - thy)6yO

\
56 |
& ds (6)
|
)

where w, is the effective weight; w, = (p,4, — pede + pidi)g ., pp pe and p; are the
densities of the riser pipe, external fluid, and internal fluid, respectively. 4,, 4., and 4;
are the cross-sectional areas of the riser pipe, outside diameter, and inside diameter,
respectively, and g is the gravitational acceleration; fy,, and fy;, are the current drag
force in the normal and tangential directions.

A variational formulation based on the work-energy principle for dynamic analysis is
developed for a catenary riser composed of an axial deformation, strain energy due to
bending, and virtual work done due to effective weight and inertia force. The work-
energy functional is expressed in terms of the deformed arc-length coordinate of the
catenary riser. The strain energy due to shear is neglected.

A schematic of the static equilibrium and dynamic configurations of the large-sag
extensible catenary riser and dynamic displacement from the static equilibrium position
to the dynamic displaced position in u and v of the Cartesian coordinate system is
illustrated in Fig. 2.

The arc length at the stretched state, ds, can be defined by

ds = \/(x(’) +u")? + (yg + v)%ds (7
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Fig. 2 Schematic of static and dynamic configurations of the catenary riser.

The strain in the displaced state, ¢, followed by the total Lagrangian description can
be expressed as

ds—ds ds
= 1= ! 2 ! Nz — 8
€ FE S 1 \/(x0+u) + (g +v)2—-1 (8)
and its derivative is

_ (xg +uDoU + (yg + vV’
Vg +u)? + (yg + v')?

os

(9)

2.1 Virtual Strain Energy Due to Axial Deformation
The variation of the axial strain energy due to axial deformation can be expressed

by
St
6U, =f EAe(6e)ds (20)
]

where E is the elastic modulus, A is the catenary riser cross section.
Substitution of Eqgs. (8) and (9) into Eq. (10) gives

(xp +u)ou' + (yg +v')dv' _
Vb +u)2+ (v + v')?

(11)

St
U, = f EA <\/(x(’) +u')?+ (yy +v')? — 1)
(o]
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The dynamic updated Green’s strain y,4, as given by Chucheepsakul et al. (2003), is
Cxpu oy 1 +v?) 1 (
T i ) (e

I I 12 1 12
xXou +yov' +-u" + v ) (12)

With approximation using the binomial series, and the higher-order term neglected for
linearization purposes, one obtains

L 110 )+1( 1)( 3)(2 )4 m 1
m’v 5 Ya A 5 Ya ~ Ya (13)

The arc length in the stretched state can be simplified using Eqg. (13), to give

Vg +u)?+ (g +v)? = \/xéz + 47 + 20’ + ygv') +w? + v’

(14)
=1+ 2y,(1+¢)
Substitution of Eqgs. (13) and (14) into Eq. (11) yields
St EA
6Uq = ] (g0 + va)[(xg + u)du’ + (v + v")6v']ds (15)
o 1+ &

Rearranging Eq. (15) by using Eqg. (12) and substituting the axial tension in the
equilibrium state, T = EAeg,, one obtains

Str T EA 1 1
5U, = [ ( "_'2_'2>]' Jowds
a fo 1+eo+(1+eo)3 XolU +3’o17+2u +2v (o Fu)ouds
+j5t[ -y (x'u’+y’v'+lu’2+1V'2>](Y(')+17')5V’d5_ (16)
o 114+e  (1+¢)3\™° ° 2 2

2.2 Strain Energy Due to Bending
Bending strain energy presented in the Total Lagrangian descriptor can be defined
by

U, = f St[M6(9’ - 6"]ds (17)

Bending moment can be expressed in terms of the curvature and dynamic strain, as
follows:

M =El[k(1+¢) — K] (18)

and the rotational angle in terms of the total strain is defined by
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0'=x(1+¢) (19)

with the assumption that the catenary riser is straight in the undeformed state, then
' =k = 0. Thus, Eq. (17) is reduced to

St
sU, = f M&6'ds (20)
0

The curvature of the beam in the displaced state can be expressed in terms of the
Cartesian coordinate components (x,y) as the following equation:

1., ../
,_ XY =Xy

21
x12 + yIZ ( )

Observing that sinf = dy/ds and cosf = dx/ds, the derivative of the curvature in Eq.

21) is
1 ! 1 x’ x’ x’x” + 4 n !
56" = —— (y—> Su” +— (—) v — (xo Yy <y—>> su’
S \S S \S S s’ S

yl xlxll + ylyll xl )
— (KO ? + T (;)) ov (22)

Substituting Egs. (21) and (22) into Eq. (17) yields the variational functional of the
bending strain energy, as follows:

(xo +u)(yg +v'") —(yy +v)6u" + (xg + u")év" _
—(xg +u'")(y) + v’)} {—Ko(x() +u")ou' — ko (yy + v’)6v’}
(xp +u)(xy +u'")
+o + v )y +v")

5U, = fStEI(l + g){

+ j CEIL+ e){ }Ko{(yé +v)SU — (xf + w6V A5 (23)

The expression of s’ in Eg. (22) vanishes once the work-energy functional in this study

is expressed in terms of the arc length coordinate.

2.3 Virtual Work Due to Effective Weight and Inertia Forces
Combination of virtual work done due to effective weight and inertia forces is
expressed by

St x(’)Z + yéz
st =~ [ |
0

e

N s
S + +
g1+ &) uou 1+ ¢ g1+ &)

v\ ov o ds (24)
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where w, is the effective weight; w, = (p,4, + peA. + piA;C,)g and ¢, is the added
mass coefficient; ii and ¥ are the acceleration in x and y directions, respectively.
3. EQUATIONS OF MOTION

The total virtual work energy is written as

ST = 86U, + 8U, — W, = 0 (25)

Substitution of Egs. (16), (23), and (24) into Eqg. (25) yields the expression of total
virtual work, as follows:

f[T+EA 1 '2)](+)6
1+¢e (1+¢)3 zu 3 2" o U joU

—EI(1 + £)[(xo + u)(yo +v") = (xg + u")(yo +v)](yo + v')6u”
se | =EI(1+ &)rol(xo + u) (o +v") — (xg + u") (o + v)](xp +u)éu' |
fo YV FEICL + & e (g + u) (g +u™) + (g + v (g + vy + v')u’ [ 45

xo"‘o\

g(l + &) /

(xou +y0v +

\
( T EA
[1 + & * (1+¢&)3
+EI(1+ &)[(xg +u')(yg +v"") = (xg +u'") (o +v')](xy +u)Sv"
s ]St< —EI(1 + &)ko[(xg + u)(yg +v") — (xg +u")(yo + v)I(yg + v')v'’
0

1
(xou + yov' + 2u 242 v’z)] (yo +v")6V'

—EI(1 + &)ico[(xg + u)(xy +u') + (v + v (g +v'")](xy + u)sv' [ 45

12 12 ’2 12
Xo tXo Xo T Yo

e

+w v
1+ g ¢ g1+ &)

(26)
To perform the equation of motion, applied integration by part twice and considering

the riser for static equilibrium, St =0 and u=v=u'=v' =u" =v"=e=0. The
Euler equation in Eq. (26) in u and v directions is reduced to

T
N/ (7] o2 12, 1 I, 12 1
1+ ¢ (xo) _El(on’o)’o —Xo0Yo ) +EIKo(xo Yo — 2XpXgYo — Yo Yo) =0 (27)
and

aY 12, 1 oy [ o2 12 .1
1+e, (¥o) +E1(x0 Yo — xoxoyo) +EIK0(2xOy0yO X0Yo + Xo xo) =0 (28)
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For the catenary riser in motion, u # 0,v # 0,u’ # 0,v' # 0,u”" #0,v"" #0. The
Euler equation in u and v directions becomes
1 !/

12 Pl 1 112 ro12
T EA XO u + xoyov + Exou + EXOU
1

! "/
—— ()t u) ———
1+¢ 1+¢ 3 2 1 3 2
0 ( ) +xou’” +yu'v' + Eu’ + Eu’v’
1A 1A n 1A rn ! 1A 1A 143 A ! 143 rn 12 12 144 143 A ! A 144 1A "
_E] <x0y0y0 + YoYoU' + XYV +YoU VT —XgYo  — Yo U — 2Xg YoV — 2YoU’V >
rn 2 2
+xoyo v +yju'v' + xiv' +uv'v" —xgv't —u''v’
12 11 I 12 11 |7 I 7 [ o\
-l—EIK'O <X0 yo + xOyO u + xO v + Zxou v - xoxo yo - xoyou - XOXOCU - xOu v
_I_x(l)y(l)lul + y(l)lulz + urzv// _ x(r)/yéul _ y(’,u”u' _ x(l)lulvl _ u//urvr
! 144 1A 144 1A ! I 1A 144 I ! 143 12 144 1A 144 ! 12 144
_Elx (xoxo Yo + X You' + Xoyou” +you'u" +yo ¥o +2yo¥ov' +yo v )
0 2 2
+2yv'v" + yi v’ + xixg v+ xfu'v + xju''v + 00" Fu'uv’

fx(')z + J’62 =0 (29)

+w u=
g1+ )
and

Pl 121 1 1,12 1 112 ,

T EA XoYoU +Yo v +§y0u +§Y0V

- (Vv ———
1+£0(y0 ) (1+€0)3 I/ Pl 1 1o 10 1 13
Fxou'v’ +you'v' + S u'u'v' + 5w

2 2 n
VEI (x(’) Yo + 2xpyou’ + x40 + 2xqu' v — x0x5 yo — x0you” — x4xp v — xqu'' v’
+y(l)lu12 + ulzvn _ x(l)lyéul _ y(r)uluu _ x(l)lulv/ _ ulullvl
2 2 !
VElk <x6y6y6’ +yoyou' + xoyov"” +you'v"” — xgye” —yo u" — 2x5yov' — 2you"’v’
0 2 1, 12
+x0y v+ ygu'v' + xjv'v" +u'v'v" —x{v'C —u''v
2 2 !
+ElK X0 xg + 2xpxgu’ + xp U + 2xuu" + xiyiye + 20y v + xyv' + xpv'v”
+xiu'? +utu" + yiydu + ygu'v' + you'v'" + u'v'v”

r2 72 12 12
1’Xo + Y 1’Xo + Y 5o (30)

+ -
1+ ¢, We g1+ &) v

+w,

Subtracting Eq. (27) from Eq. (29) and subtracting Eqg. (28) from Eqg. (30), one
obtains the equations of motion for a large-sag extensible catenary riser in u and v

directions, respectively. This can be written as

muu + fl(u”' 17”) + fz(u”’,v”’) + f3(uiv'viv =0 (31)

and
mvij_l_gl(uu’vu) +gz(u”,; U’”) +gg(uiv’viv =0 (32)
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Neglecting the higher-order terms in Egs. (29) and (30), the linear and nonlinear
stiffness matrix coefficients, f, f5, ..., g3, in Egs. (31) and (32), can be expressed as
follows:

/ x(’)zu” + xyyov”’

. Tu" EA +(Bxju’ + yivHu" + (xjv’ + yyu')v"

fl(u v ) N 1-|_‘g0-I_(]‘-I_EO)3 3 12 1 12 " [N (33)
+ Eu + Ev u +uvv

[T 12 12\, 1 o A7)
fz(unl vlll) — —EIKO <_2x0y0u + (xO — Yo )U + (_Zy()u - szv )u ) (34)
' +2xou’ = 2yiv)v" = 2u'v'u" + (W% —v")v"”
i) = i [P+ X = 20 (4 (35)
T —v"?ul +u'v' v

] [ Xy + 5" \
Tv N EA +(xov" + youHu'" + Byyv' + xju' v’ | (36)
1 + 80 (1 + 50)3 \

ull’ vll —
gl( ) +IIII+(1 12+3 /2) 17
u'v'u -u -v'° v
2 2
o xh? — y(’)z)u”’ + 2x5yv"" + (2xgu’ — 2y )u'"”’ (37)
g, v'") = —Elxk, 2 2N 1
+(2xv' + 2y5u v + (W= v ) + 2u'v'v"

o 12, ’ AN | |
gs (ui", viv) — _F] —xoYyou" +xo v — (x'ovl + 3’01'1 Jut + 2xqu'v’” (38)
—w'v'ul +u'* v

3.1 Linear Free Vibration
The linear free vibration of the large-sag extensible catenary riser can be expressed

by

(o O]+t () + B {4} + B {4} = ) (39)

myl\v

where the mass of the catenary riser in u and v directions is defined by

’ 12 2
Xo T Yo (40)
my =m, =Wy——t

¢ g1+ &)

The linear axial stiffness matrix of the second-order derivative is
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T, EAx)® EAx}y} ]
14+¢ (14¢)3 (1+¢&)3
EAxyy) T EAy}?

(1+4¢)3 1+e (1+4¢)3
The linear bending stiffness matrix of the fourth-order derivative is

(kL] = (41)

12 rot
[kfl] — EII Yo xo)’%l (42)
XoYo —Xo

The linear bending stiffness matrix of the third-order derivative is

12 712 I/
Yo —Xp —2x0Y0

b2 2x0¥6 Yo X
[k2?] = Elx, (43)
3.2 Nonlinear Free Vibration
The nonlinear free vibration of the large-sag extensible catenary riser can be
expressed by

nr

[ 0 G o (5 Gt D )+ 1+ B {12} =

myl tv vt
(44)
The first-order nonlinear axial stiffness matrix is
(ko] = EA [Sx(’)u’ +yov' xov' + you’ ] (45)
N (14 60)3 L xpv’ + you' 3yev’ + xju’
The second-order nonlinear axial stiffness matrix is
3 1
EA Eu’z + EUIZ u’v'
kaZ — 46
[ NL] (1 + 80)3 u'v EUIZ + lurz ( )
2 2
The first-order nonlinear bending stiffness matrix of the fourth-order derivative is
[kbl =EI [ _Zy(,)v, y(l)u, + x(,)v,] (47)
NL you' + xqv’ —2xou’

The second-order nonlinear bending stiffness matrix of the fourth-order derivative is

12 [
LA RN (48)
uv —Uu

The first-order nonlinear bending stiffness matrix of the third-order derivative is
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you' + xqv"  —xqu' + y(’)v’]

b3
[keii] = 2E1Ko —xou' + yov  —you’ — xpv’

(49)

The second-order nonlinear bending stiffness matrix of the third-order derivative is

2u'v' —u'? + v'z]
kY| = Elx 50
[ NL 0 _ulz + vrz —2u'v' ( )

4. FINITE ELEMENT METHOD

The static equilibrium configuration was obtained in previous work by the authors
using the finite element method and the Newton-Raphson iterative procedure (Punjarat
and Chucheepsakul 2019). The equation of motion is solved using the Galerkin finite
element method (Cook, Malkus, and Plesha 2002). The displacement components
vector in the Cartesian coordinate is written as

{u} ={u v} ~[N]{d} (51)
where [N] is the cubic polynomial shape function matrix arranged in the form

NlNZO 0O N; N, 0 0

M=o 0 ~m N~ o 0 N W (52)
and {d} is the nodal displacement coordinate, which is written as
dy={u, vy vy vy u, u, v, v,}7 (53)

4.1 Linear Free Vibration Solution
Eq. (39) can be written in the form of a matrix following the Galerkin finite element
method, as follows:

Nelem

> ([wr [ 8wty [ [k o wiasta

+L1[N’]T [iZZ w] [N"]dstd} + JO (N1 [k kvv [N"]ds {d}>={0} (54)

where | is the element number and [N'] and [N''] are the first and second derivatives,
respectively, of the cubic polynomial shape functions.

The finite element equation of the global system for linear free vibration can be
expressed as

MI{D} + [K,]{D} = {0} (55)



The 2019 World Congress on
Advances in Structural Engineering and Mechanics (ASEM19)
Jeju Island, Korea, September 17 - 21, 2019

where {D} and {D} are the acceleration and displacement vectors, respectively, and
can be obtained by assembling the element acceleration and displacements. Therefore

nelem nelem
D} = z (@, (b} = Z (@ (56a),(56b)
j=1 j=1
The global mass matrices [M] is defined by
Nelem
M= ), m] (57)
j=1

where [m] is the element mass matrix, which is given by
l 10
[m] = j (m, +m; + C;)INIT [o 1| [N]ds (58)
0

Here m,, m;, and C; are the mass of the catenary riser, internal fluid, and the external
fluid, including the added mass coefficient, respectively. The linear global stiffness
matrix [K;] is

Nelem

Kil= ) lky] (59)

j=1

where [k, ] is the element linear stiffness matrix, consisting of the linear axial stiffness
matrix and linear bending stiffness matrices.

[k,] = [KE]+ [KD] + [K1?] (60)

in which the linear axial stiffness matrix is

F N (D S ) EA o
1= [ e[ v+ e )

12 o
X, X , _
o °,y2°l [N ]} ds (1)
Xo0Yo Yo

The linear bending stiffness matrix of the fourth-order derivative is

l a2 I
] = | EI[N”]Tl " x"y,‘;l [N"ds (62)
0 XoYo —Xo

The linear bending stiffness matrix of the third-order derivative is
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4

Yo© —x5"  —2x%0
Using the standard procedure of the Galerkin finite element method, Eq. (55) leads to
the eigenvalue problem, as follows:

l 1o 12 12
IRE f EIKO[N']Tl Yo Yo T X0 pymgs (63)
0

(K.l — w?[M]D{D} = {0} (64)

where w; represents the natural frequency of vibration and {D} is the corresponding
mode shapes in Cartesian coordinates.

4.2 Nonlinear Free Vibration Solution
The equation of the nonlinear free vibration can be written as

[MI{D} + ([K,] + [Ky.]){D} = {0} (65)

where [Ky;] is the nonlinear element stiffness matrix, which is the combination of two
types of nonlinear axial stiffness matrices and four types of nonlinear bending stiffness
matrices.

(ki) = [KRL] + (k3] + [KRL] + [K33) + [KR3] + [kt (66)

The first-order nonlinear axial stiffness matrix is

l EA 3x’u'+ 1,0 / I+ 10
a1 _ nt [2%o YoV XV YOU] " oae 67
R e Sl IR [ LA TS 67)

The second-order nonlinear axial stiffness matrix is

3 12 1 12 1
l EA ’ Eu +§v uv o
) = | s VT . 4 | (68)
0 0 ulvl Evlz +§u’2

!

The first-order nonlinear bending stiffness matrix of the fourth-order derivative is

l ro1 o [
—2Y,V You +Xx v] _
b1l] _ N'' T 0 0 0 " 69
L jo EIIN"] [y(')u’ + xyv’ —2xu’ [N"]ds (69)

The second-order nonlinear bending stiffness matrix of the fourth-order derivative is

] = [ EINTT [ v vas (70)
0

ulvl _ulz
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The first-order nonlinear bending stiffness matrix of the third-order derivative is

!
[ you' +xov"  —xqu' + yov'

—xou' +yov  —you’ — xpv’

izl = |

0 {ZEIKO[N’]

] [N”]}dst (71)

The second-order nonlinear bending stiffness matrix of the third-order derivative is

l
' 2u'v’ —u? + vy
] = | BT [_ 2, T vas (72)
Using the Galerkin finite element method, Eq. (65) leads to the eigenvalue problem, as
follows:

(KL + [Kni)) — w?[M]) {D} = {0} (73)

where w; represents the natural frequency of vibration and {D} is the corresponding
mode shapes in Cartesian coordinates.

The nonlinear equation of motion shown in Eq. (73) is time dependent; this can be
reduced to a time-independent nonlinear eigenvalue problem with substitution of
certain properties of the time function at the point of the maximum amplitude or at the
point of reversal of the motion. The dynamic displacement is assumed by substitution
of the characteristic of the time function as an instant with harmonic function to yield the
eigenvalue problem (Sarma and Varadan 1982):

{D} = —w{{D}max (74)

where w; is the natural frequencies of the catenary riser and {D},,,, is the dynamic
displacement at the nodal point of maximum amplitude.

Substitution of Eq. (74) into Eq. (65) yields the equation of motion for time-
independent, large-amplitude free vibration, as follows:

(CKL] + [Kni)) = 0?[M]) {D}nax = {0} (75)

The relationship between the dynamic displacements of the catenary riser at the point
of maximum amplitude in Eq. (75) and the vibration mode shape can be expressed by

{D}max = a{V} (76)

where a is the maximum amplitude of vibration and {V} is the normalized corresponding
mode shapes.
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5. NUMERICAL RESULTS

To verify the model formulation, the free vibration of the catenary riser is validated
with the numerical results proposed by Chucheepsakul and Huang (1989), in validation
and example the 40 finite elements are used. The water depth of the catenary riser is
400 m and the offset distance varies from 20 m to 120 m. The outside diameter is 0.55
m, the inside diameter is 0.50 m, and the densities of steel, seawater, and internal fluid
are 7850 kg/m® 1025 kg/m®, and 1410 kg/m?®, respectively. The values of the top
tension and elastic modulus are 1700 kN and 2.10 x 10® kN/m?, respectively, and the
added mass coefficient is 1.0. The natural frequencies for the catenary riser with
varying offset distances from 20 m to 120 m are illustrated in Table 1 and were found to
be in good agreement with the reference research work.

Table 1 Natural frequencies of the catenary riser for various offset distances

(rg/(lj(;ggc) Mode 1 Mode 2 Mode 3

Offset (m) | This study | FEM® | Thisstudy | FEM® | This study  FEM®
20 0.454 0.456 0.731 0.728 0.968 0.960
30 0.465 0.467 0.778 0.777 1.141 1.139
40 0.465 0.469 0.786 0.786 1.167 1.166
60 0.460 0.466 0.781 0.784 1.160 1.162
80 0.451 0.460 0.770 0.775 1.143 1.147
120 0.425 0.445 0.734 0.750 1.091 1.106

Note: FEM® = Chucheepsakul and Huang (1989).

Due to the length limitation, only the free vibration analysis of the large-sag
extensible catenary riser is presented in this paper. The input parameters are the
external diameter, internal diameter, and the unstrained arc length, which are 0.1524 m,
0.1397 m, and 1000 m, respectively. The densities of the riser, seawater, and internal
fluid are 7850 kg/m3, 1025 kg/m?*, and 998 kg/m?, respectively. The elastic modulus is
2.07 x 108 kN/m?, the current velocity is 1.0 m/s, and the added mass coefficient is 1.0.
The applied top horizontal tension (Ty in Table 2) varied, with values equal to 1000,
500, 100, and 55 KkN.

Table 2 Natural frequencies of the catenary riser supported at the same elevation

Mode

(adisec) | TH=1000KN | Ty=500kN | Ty=100kN | Ty=55kN
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1 0.7047 0.4903 0.2036 0.1612
2 0.9178 0.7195 0.3585 0.2943
3 1.2204 1.0075 0.5035 0.4211
4 1.4198 1.2385 0.6416 0.5428
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Fig. 3 Mode shapes of the catenary riser supported at the same elevation.

Table 2 presents the first four mode shapes of natural frequencies of the catenary
riser supported at the same elevation for the top horizontal tensions 1000, 500, 100,
and 55 kN. The numerical results show that the natural frequency decreases as the top
horizontal tension decreases.

Table 3 Natural frequencies of the catenary riser supported at different elevations

Mode
(adisec) | T#=1000KN | Ty=500kN | Ty=100kN | Ty=55kN
1 0.6756 0.5920 0.2470 0.1760
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c. Top tension 100 kN

0.8408 0.8165 0.3951 0.3063
1.2785 1.1821 0.5490 0.4295
1.6842 1.1966 0.6898 0.5466
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Fig. 4 Mode shapes of the catenary riser supported at different elevations.

The first four mode shapes for the catenary riser with both supports at the same
elevation, with applied top horizontal tension of 1000 kN, 500 kN, 100 kN, and 55 kN,
are illustrated in Fig. 3a, 3b, 3c, and 3d, respectively.
The results for natural frequencies of the catenary riser with the support elevation of
200 m are as presented in Table 3. It was found that the natural frequency decreases
as the top horizontal tension decreases.
The first four mode shapes for the catenary riser with 200 m support elevation and
applied top horizontal tension of 1000 kN, 500 kN, 100 kN and 55 kN are illustrated in

Fig. 4a, 4b, 4c, and 4d, respectively.
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6. CONCLUSION

The model formulation based on the variational approach for free vibration of a very-
large-sag extensible catenary riser using the arc length coordinate adopted from the
Lagrangian description as the independent variable are presented in this paper. First,
the total virtual work due to bending and axial deformation strain energy and virtual
work due to effective weight and inertia forces were addressed. The Galerkin finite
element procedure was adopted to obtain the linear and nonlinear stiffness matrices,
and mass matrices for linear free vibration and nonlinear free vibration analysis,
respectively. Finally, the Eigenvalue problem of linear free vibration analysis was
solved by the inverse iteration method to obtain the natural frequencies and
corresponding mode shapes, while the direct iteration method was used for nonlinear
free vibration analysis.

Validation of the free vibration of the catenary riser was performed and found to be
in good agreement with the reference research work. Free vibration of the very-large-
sag extensible catenary riser was performed with the support at the same elevation and
at different elevations. It was found that the natural frequencies decrease as the top
horizontal tension decreases.

REFERENCES

Athisakul, C., Klaycham, K., and Chucheepsakul, S. (2014), “Critical top tension for
static equilibrium configuration of a steel catenary riser.” China Ocean Eng., Vol.
28(6), 829-842.

Chatjigeorgiou, 1.K. (2008), “A finite differences formulation for the linear and nonlinear
dynamics of 2D catenary risers.” Ocean Eng., Vol. 35, 616—636.

Chucheepsakul, S., and Huang, T. (1989), “Natural frequencies of a marine riser in
three-dimensions” Proceedings of 7th Int. Offshore Mech. Arct. Eng. Symposium,
651-658.

Chucheepsakul, S., Monprapussorn, T., and Huang, T. (2003), “Large strain
formulations of extensible flexible marine pipes transporting fluid.” J. Fluid Struct.,
Vol. 17, 185-224.

Cook, R.D., Malkus, D.S., and Plesha, M.E. (2002), Concept and Applications of Finite
Element Analysis, 4th ed., Wiley & Sons, New York.

Kim, H.T., and O'Reilly, O.M. (2019), “Instability of catenary-type flexible risers
conveying fluid in subsea environments.” Ocean Eng., Vol. 173, 98-115.

Klaycham, K., Athisakul, C., and Chucheepsakul, S. (2014), “Nonlinear free vibration of
a steel catenary riser.” Proceedings of the Twenty-fourth Int. Ocean and Polar
Engineering Conference, Busan, Korea, 195-201.

Moe, G., and Arntsen, O. (2001), “An analytic model for static analysis of catenary
risers.” Proceedings of the Eleventh Int. Offshore and Polar Engineering Conference,
Stavanger, Norway, 248-253.

Punjarat, O., and Chucheepsakul, S. (2019), “Post-buckling model for uniform self-
weight beam with an application to catenary riser.” Int. J. Struct. Stab. Dyn., Vol.
19(4), 1-21.



The 2019 World Congress on
Advances in Structural Engineering and Mechanics (ASEM19)

Jeju Island, Korea, September 17 - 21, 2019

Sarma, B.S., and Varadan, T.K. (1982), “Certain discussions in the finite element
formulation of nonlinear vibration analysis.” Comput. Struct., Vol. 15(6), 61-70.

Srinil, N., Wiercigroch. M., and O’Brien, P. (2009a), “Reduced-order modelling of
vortex-induced vibration of catenary riser.” Ocean Eng., Vol. 36, 1404-1414.

Srinil, N., Wiercigroch, M., O’'Brien, P., and Younger, R. (2009b), “Vortex-induced
vibration of catenary riser: Reduced-order modeling and lock-in analysis using wake
oscillator.” Proceedings of the ASME 28th Int. Conference on Ocean, Offshore and

Arctic Engineering OMAE, Honolulu, Hawaii, 1-11.



