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ABSTRACT 
 

     The present paper deals with the excitation and propagation behavior of two 
types of SH wave, i.e. Love wave and Bleustein-Gulyaev (B-G) wave in FGPM layer 
imperfectly bonded to a FGPM substrate with rectangular shaped abrupt thickening at 
the interface. The frequency equations have been deduced and the results have been 
validated with classical cases. The substantial influence of wave number, abrupt 
thickness ratio, imperfect bonding, piezoelectric coupling and functional gradedness on 
phase velocities of both Love wave and B-G wave and also on electromechanical 
coupling corresponding to Love wave have been obtained through numerical study in 
different vibrational modes. 
 
1. INTRODUCTION 
 
     The study of SH waves in smart structures has been in the forefront of the 
present era because of their vast application in SAW devices, sensors, actuators, 
transducers, filters and delay lines. Piezoelectric materials have vast applications in 
production and detection of sensors, vibration suppression, sensing. air ultrasonic 
transducers etc. The study of propagation of Love wave and Bleustein-Gulyaev (B-G) 
wave in smart structures have gain much attention of recent researchers. Love wave 
sensors and SAW devices are highly sensitive micro-acoustic devices and usually 
consists of layer/half-space configuration. Jakoby and Vellekoop (1997) discussed the 
basic properties of Love waves and their utilization in sensor devices. Liu et al. (2001) 
investigated the effect of initial stress on the propagation behavior of Love waves in a 
layered piezoelectric structure. The concept of functionally graded materials (or FGMs) 
was first introduced by Rabin and Shiota (1995). Since, FGMs depict anisotropy and 
inhomogeneity of mechanical properties, they are more superior to the conventional 
laminated materials. Hence, functionally graded piezoelectric materials (FGPMs) have 
huge impact in sensors and transducers designing, structural health monitoring, non 
destructive testing, SAW devices etc. Li et al. (2004) and Du et al. (2007) discussed 
Love wave propagation in FGPM layer. Li et al. (2004) used WKB method to deal with 
Love wave propagation in FGPM structure. Cao et al. (2009) also gave a solution 
procedure to deal with SH wave propagation in FGPM structure. Recently Zhu et al. 
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(2015) and Zhong and Lee (2011) considered exponential-type functional gradedness 
of FGPM structures in their corresponding works.  
 

However, in the aforementioned studies, the interface has been considered as 
perfectly bonded to upper and lower structures. But, imperfect bonding often occurs 
due to diffusion impurities and other forms of damages. Schoenberg (1980) discussed 
the elastic wave behavior across linear slip interface. Chen and Lee (2004) discussed 
the exact solution of angle-ply piezoelectric laminates in cylindrical bending with 
interfacial imperfections. Otero et al. (2012) studied the interfacial waves between two 
piezoelectric half-spaces with electro-mechanical imperfect interface. Recently, Li and 
Jin (2015) studied the excitation and propagation of shear horizontal waves in a 
piezoelectric layer imperfectly-bonded to a metal or elastic substrate.   
 

Abrupt thickening in layered structure in aspect of elastic wave propagation 
have been studied for geophysical scenario. This interfacial complexity has also been 
implemented in anisotropic layer/half-space configurations for wave propagation 
problems. Mal (1962) has suggested a method to deal with SH wave propagation in 
isotropic layered structure with abrupt thickening at the common interface. Later, 
Bhattacharya (1962) used this method to study the abrupt thickening in the transversely 
isotropic crustal layer. Chattopadhyay et al. (2008) investigated propagation of SH 
waves in an irregular monoclinic crustal layer using the method of Mal (1962). Later on, 
Chattopadhyay and Singh (2012) studied the propagation of magnetoelastic shear 
waves in an irregular self-reinforced layer using similar method. Recently, Singh et al. 
(2018) studied the effect of abrupt thickening in SH wave propagation in micropolar 
isotropic elastic layer/half-space configuration. Till date, no work has been done to 
study the excitation and propagation characteristics of SH wave in an imperfectly-
bonded FGPM stratum lying over a FGPM substrate with abrupt thickening at the 
interface.  

The present paper encapsulate the study of Love wave propagation in an 
imperfectly-bonded FGPM stratum overlying on a FGPM substrate  with rectangular 
shaped abrupt thickening at common interface and the similar model has been also 
studied for B-G wave propagation. The closed-form expressions of dispersion relations 
has been derived analytically in two consecutive sections for electrically open and short 
condition. Numerical computations and graphical illustrations have been performed to 
reveal the significant effects of wave number, abrupt thickness ratio, imperfect bonding 
parameter, piezoelectric coupling and functional gradient on phase velocity and some 
parameters have also been studied for electromechanical coupling. 
 
2. GOVERNING EQUATIONS 
 
     We consider a layer/half-space configuration consisting of an upper Functionally 
Graded Piezoelectric material (FGPM) stratum of finite thickness H  with a lower 
FGPM substrate with abrupt thickening at the imperfect interface (illustrated in Fig. 1). 
A rectangular Cartesian Co-ordinate system is considered in such a way that y -axis is 

in direction of wave propagation and x -axis is vertically downward. For simplicity, we 

consider the abrupt thickening in the form of rectangular shape with span d  and depth 
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L . The origin O  is at the middle of the span of the abrupt thickening (Fig. 1). We 

further consider a source of the disturbance (O ) placed on x -axis at a distance ( )l L  

from the origin. We consider two types of SH waves, i.e. Love wave and B-G wave 
propagation in the aforementioned configuration in two distinct cases. 

 
Fig. 1 Geometry of the Model  

 
Due to abrupt thickening, the equation of the interface is 

0 for ,
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where / 1L d  =  is perturbation parameter.  

 
Now, the constitutive equations for a transversely isotropic functionally graded 
piezoelectric material with z axis being the symmetric axis are 
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where i ’s are normal stresses, ij ’s are shear stresses, ijS ’s are strain components, 

iD ’s are electric displacements, ( )ijc x ’s are material elastic constants, ( )ije x ’s are 

piezoelectric coefficients, ( )ij x ’s are dielectric constants and all are functions of 

spatial variable x  and the components for electric intensity are given as 
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The equation of motion for small elastic disturbance is given by 
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where , ( , , )i j x y z , the displacement components are  , ,iu u v w  and material 

density is  . Due to SH wave propagation, the mechanical displacement components 

and electric potential components for the upper FGPM stratum are 

1 1(0,0, ( , , )) and ( , , )w x y t x y t ; and for lower FGPM substrate 2 2(0,0, ( , , )) and ( , , )w x y t x y t . 

 
In view of (2) and (3), the equations of motion (4) due to SH wave can be rewritten as 
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where 1, 2i  ; 1 represents the FGPM layer and 2 represents FGPM substrate, elastic 

components are considered as  ( ) ( 0)
44 44 ,ii i xc x c e  ( ) ( 0)
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2  represents two dimensional Laplace operator. 

 
3. BOUNDARY CONDITIONS 
 
The mechanical and electrical boundary conditions for the assumed configuration can 
be considered as 
 

(i) At free surface i.e. at x H  , open or short electrical boundary condition 

suggests:   (1) ( , ) 0xD H y   or 1( , ) 0H y        (7) 

(ii) At free surface, the stress-free condition suggests: 
(1) ( , ) 0zx H y              (8) 

(iii) At the imperfectly bonded irregular interface i.e. at ( )x h y , the continuity of 

stresses, mechanical and electric displacements and potential functions 
suggests: 

(a)  (2) (2)
1 2( )zx yzh y w w      ,        (9) 

(b) 1 2  ,          (10) 

(c) (1) (2)
x xD D ,         (11) 
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(d) (1) (1) (2) (2)( ) ( )zx yz zx yzh y h y         ,      (12) 

where   is imperfect bonding parameter of the common interface, which physically 

interprets that for higher values of imperfect bonding parameter, interface becomes 
perfectly contact whereas for parameter values tends to zero implies no interface 
bonding, i.e. layer and substrate moves independently.  
 
4. SOLUTION METHODOLOGY FOR LOVE WAVE PROPAGATION  

 
Fig. 2 Geometry of the Model associated with Love wave propagation  

 
We assume the time harmonic solution for Eq. (6) as 
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where   is angular frequency and i  is complex number. 

 
Hence, the equation of motion reduces to 
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Now, applying Fourier transformation on Eq. (14), for upper FGPM layer we obtain  
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and for lower FGPM half-space we obtain 



The 2019 World Congress on 
Advances in Structural Engineering and Mechanics (ASEM19)
Jeju Island, Korea, September 17 - 21, 2019

  

2
2 2 2

2 2
2

2
2 2

2

(20)2 2
152

2 (20)2 22
112

0

0

W W
P W

x x

e
W

x x c



  
  



 
   

 


     
  

        (16) 
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Due to Love wave propagation (Fig. 2), the solution of Eq. (15) may be expressed as 
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For Eq. (16), we obtain the solution by considering the condition that the displacement 
components as well as potential function gets attenuated with the depth, i.e.   
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Therefore, mechanical displacement component and electric potential function for 
upper FGPM layer are 
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and the mechanical displacement component and electric potential function for lower 
FGPM substrate are 
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where the second term in the integrand of 2W  is introduced due to the presence of 

source point  'O  in the lower FGPM substrate. 

Since boundary is perturbed, therefore, the terms , , , , ,A B C D E G  are also functions of 

 . Moreover, since   is considered to be very small, we recollect the terms up to the 

first order of  . 
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Hence, from boundary conditions (7), (8) and (9), we have 
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Now, in order to deal with boundary conditions associated with irregular boundary, we 
follow the method of Mal (1962) which requires defining the Fourier transform of ( )h y

and taking k    for the inner integrals where   may be treated as a constant 
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4.1 DISPERSION RELATION FOR OPEN ELECTRIC CONDITION 
  
In order to obtain dispersion relation for open electric condition, the expressions of 
arbitrary constants have been deduced from Eqs. (21), (23)-(27) by separating the 
terms containing   and not containing   and later, the displacement component can 

now be expressed by putting the expressions of obtained arbitrary constants as   
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(27)  

where 2 4 1( ), ,  ,E k   and 2  are provided in Appendix A. 

Now, on using asymptotic formulas given in Willis (1948) and Tranter (1966), we obtain 

 1 4 1 3 2 2 ( ) ( ) ( ).
d L

s s k d k k      
 

            (28) 

Hence, on using Eq. (28) in (27), we obtain  
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  (29) 

Now, the above integral depends on its pole and hence, the pole can be obtained from 
the denominator as 

 
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    (30) 

Since, Eq. (30) represents the relation between wave number and frequency, Eq. (30) 
can considered as the dispersion relation for electric open condition. 
 
4.2 DISPERSION RELATION FOR ELECTRIC SHORT CONDITION 
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Continuing in similar fashion as in open electric condition, the required mechanical 
displacement of the irregular imperfectly-bonded piezoelectric stratum in short condition 
case may be obtained as 

2 1 2 2 1 2 2 2
1 1

3

1 ( tan )cos ( tan )sin
.

2 ( )
( ) 1

ikys s s H s x s s s H s x
W X e dk

L k
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  


 
  

 

    (31)  

where , ( )X E k  and 1( )k are provided in Appendix A. 

The integral equation (31) also depends on the pole, for which, we obtain the 
dispersion relation for electric short condition as 

1( )
( ) 1 0.

L k
E k

X

 
   

 
         (32) 

 
5. SOLUTION METHODOLOGY FOR B-G WAVE PROPAGATION 
 
Another type of SH wave, i.e. B-G (Bleustein-Gulyaev) wave can be studied in 
piezoelectric medium (Bleustein, 1968) for which we consider the SH wave velocity as

1 2c c c  .  

 
Fig. 3 Geometry of the Model associated with B-G wave propagation  

 
Here, for B-G wave propagation, the displacement and potential components 
associated with FGPM layer, Eq. (19) has been changed to  
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    (33) 

and for lower FGPM substrate, Eq. (20) will remain the same. 
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Now, on using boundary conditions in Sec. 3, dispersion relations can be obtained by 
proceeding in the similar fashion as described in Sec 4. 
  
5.1 DISPERSION RELATION FOR OPEN ELECTRIC CONDITION 
 
The dispersion relation for B-G wave propagation in a model consisting of FGPM layer 
irregular and imperfectly bonded to a FGMP substrate for electrically open condition 
can be deduced as  

2 8 4 7
1 4 3 2

2 6 4 5

( ) 1 0L
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   

 
    

 
        (34) 

where i ’s are provided in Appendix B.  

 
5.2 DISPERSION RELATION FOR SHORT ELECTRIC CONDITION 
 
The dispersion relation for B-G wave propagation in a model consisting of FGPM layer 
irregular and imperfectly bonded to a FGMP substrate for electrically short condition 
can be deduced as  
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    (35) 

where i ’s are provided in Appendix B.  

 
5.2 PARTICULAR CASE  
 
In absence of upper FGPM layer, the boundary condition for lower FGPM substrate 
with rectangular shaped irregular free surface (Fig. 4) are: 

 
Fig. 4 Geometry of the FGPM substrate with irregular upper boundary associated with 

B-G wave propagation 
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In view of (36), the frequency equation may be obtained as  
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       (37) 

Here, the newly introduced symbols are provided in Appendix B. 
In absence of irregularity and functional gradients, the result obtained in (37) matches 
with the result of Bleustein (1968) which also validates the result. 
 
6. NUMERICAL ANALYSIS  
 
In this section, numerical computations and graphs have been drawn for Love wave as 
well as B-G wave propagation in the considered FGPM layer/substrate configuration 
and graphs have been plotted for dispersion curves of Love wave in 1st higher order 
vibrational mode and B-G wave in fundamental and 1st order and other higher modes. 
The following data has been considered for the numerical purpose (Tiersten, H. F., 
2013; Warner et al., 1967): 

(10) 10 2 (10) 2 (10) 10 2 2 0 3 3
44 15 11 19.4 10 N/m , 2.6 C/ m , 3.63 10 C /Nm , 7450 10 kg/mc e           

(20) 10 2 (20) 2 (20) 10 2 2 0 3 3
44 15 11 26 10 N/m , 3.7 C/ m , 3.89 10 C /Nm , 4700 10 kg/mc e          

We further introduce electromechanical coupling parameter as 2 2( )o s

o

c c
K

c


 ,  

where 0c  is the phase velocity of Love wave for electrically open condition and sc  is 

the phase velocity of Love wave for electrically short condition. 
 

   
      (a)      (b) 
Fig. 5 (a) Non-dimensional phase velocity of Love wave against non-dimensional wave 

number for variation of irregularity parameter and (b) electromechanical coupling 
parameter for Love wave against wave number for variation of irregularity parameter. 
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It has been revealed from the Fig. 5(a) that irregularity at the common interface has a 
decreasing effect on phase velocity of Love wave for both electrically open and short 
conditions in 1st order higher vibrational mode. The phase velocity of Love wave is 
found to be maximum in case of perfect interface (no irregularity). It can be also noted 
that the influence of irregularity parameter is more in case of open electric condition as 
compared to short one. Wave number tends to decrease the phase velocity of Love 
wave in all cases. 

Through Fig. 5(b), the effect of irregularity parameter has been studied on 
electromechanical coupling parameter in 1st vibrational (fundamental) mode and 2nd 
vibrational (1st higher order) mode. It has been found that the irregularity at the 
common interface has decreasing effect on the electromechanical coupling in all 
vibrational mode. In case of increase in wave number, electromechanical coupling 
tends to increase and achieving a peak, later decrease up to certain value in all cases.  
 

    
(a)      (b) 

Fig. 6 (a) Non-dimensional phase velocity of Love wave against non-dimensional wave 
number for variation of imperfect bonding parameter and (b) electromechanical 

coupling parameter for Love wave against wave number for variation of imperfect 
bonding parameter. 

In Fig. 6(a) and 6(b), we introduce the imperfect bonding parameter as 
2

44kc


    in 

order to non-dimensionalize, for which, 0  represents perfect bonding and    

represents no interface bonding. In Fig. 6(a), an increase in imperfect bonding 
parameter decreases phase velocity of Love wave in both electrically open and short 
conditions and attains maximum in case of perfect bonding. In this case also, the 
influence of imperfect bonding parameter has found to be more in case of open electric 
condition. 

Fig. 6(b) reveals the decreasing effect of imperfect bonding parameter on 
electromechanical coupling in fundamental vibrational mode, but in 1st higher order 
vibrational mode, the effect is reversed. 
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(a)      (b) 

Fig. 7 (a) Non-dimensional phase velocity of Love wave against non-dimensional wave 
number for variation of functional gradient parameter of FGPM layer and (b) 

electromechanical coupling parameter for Love wave against wave number for variation 
of functional gradient parameter of FGPM layer. 

 

   
(a)      (b) 

Fig. 8 (a) Non-dimensional phase velocity of Love wave against non-dimensional wave 
number for variation of functional gradient parameter of FGPM substrate and (b) 

electromechanical coupling parameter for Love wave against wave number for variation 
of functional gradient parameter of FGPM substrate.  

 

Fig. 7(a) reveals that the functional gradient parameter 1( )  of FGPM layer has an 

increasing effect on phase velocity of Love wave in both open and short condition and 
in this case, the short case has been found to be more influenced. On the other hand, 
Fig. 7(b) depicts that functional gradient parameter decreases the electromechanical 
coupling in fundamental vibrational mode whereas it increases in 1st higher order mode. 
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 In Fig. 8(a) and 8(b), similar effect of functional gradient parameter 2( )  of 

FGPM substrate has been found on phase velocity and electromechanical coupling 
associated with Love wave. Although a comparative study between Fig. 7 and Fig. 8 
reveals that the effect of functional gradient parameter associated with FGPM layer is 
more as compared to the one of FGPM substrate.  
 

 
Fig. 9 The variation of phase velocity of B-G wave against non-dimensional wave 

number in different vibrational modes for electrically open condition 
 
In Fig 9, the dispersion curve for the phase velocity of B-G wave against non-
dimensional wave number has been drawn in order to reveal the effect of irregularity 
parameter and functional gradient in distinct vibrational modes. Phase velocity in Mode 
I (fundamental mode) has been found to be lesser than the bulk wave velocity of FGPM 
layer which is expected and in higher order modes (Mode II, III, IV), the phase velocity 
approaches to the phase velocity of bulk wave velocity of FGPM layer. It is found that 
the phase velocity of B-G wave decreases for the case of no irregularity and decreases 
more in absence of functional gradients in Mode I, but in higher vibrational modes, the 
phase velocity increases in absence of functional gradients and decreases in case of 
no irregularity. In case of B-G wave, wave number tends to increase the phase velocity 
upto certain value in Mode I whereas in higher modes, wave number decreases the 
phase velocity. 
 
 
6. CUT-OFF FREQUENCY 
 
In Table 1, cut-off frequencies has been calculated for the Love wave propagation in 
FGPM layer/substrate configuration with irregular imperfectly bonded common interface 
for electrically open and short conditions in first six modes.  
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Electric 
condition 

Cut-off frequencies ( 510 rad/s) 

Mode I Mode II Mode III Mode IV Mode V Mode VI 
Open 0.0639 0.1645 0.3603 0.611 0.8489 1.089 
Short 0.0493 0.1353 0.3347 0.5781 0.8215 1.059 

Table. 1 The cut-off frequencies for Love wave propagation in the considered model in 
open and short electric conditions 

 
7. CONCLUSIONS 
 
The main outcomes of the present study can be summarized as follows: 

 Wave number tends to decrease the phase velocity of Love wave, but 
electromechanical coupling tends to increase and after achieving a peak, later 
decrease up to certain value. On the other hand, wave number of B-G wave 
tends to increase the phase velocity upto certain value in fundamental mode 
whereas in higher modes, wave number decreases the phase velocity. 

 The irregularity at the common interface has a decreasing effect on phase 
velocity of Love wave in both electrically open and short conditions in 1st order 
higher vibrational mode as well as on the electromechanical coupling in all 
vibrational mode. 

 Imperfect bonding parameter tends to decrease phase velocity of Love wave in 
electrically open and short conditions as well as electromechanical coupling in 
fundamental vibrational mode. But, in 1st higher order vibrational mode, the 
effect is found to be increasing. 

 Functional gradient parameters have an increasing effect on phase velocity of 
Love wave. On the other hand, functional gradient parameter decreases the 
electromechanical coupling in fundamental vibrational mode whereas it 
increases in 1st higher order mode. 

 Phase velocity of B-G wave decreases in absence of irregularity and decreases 
more in absence of functional gradients in fundamental vibrational mode, but in 
higher order vibrational modes, the phase velocity increases in absence of 
functional gradients and decreases in case of no irregularity. 

 
The present study may be employed in the field of acoustic engineering, civil 
engineering, seismology and structural health monitoring system. In particular, the 
outcome of the present study may be applicable in construction of SAW (Surface 
Acoustic Wave) devices, especially Love wave sensors. In such sensors, Love wave 
propagation strictly depends on the smart material guiding layer and lower substrate. 
Since functional gradients and loosely bonded and irregular interface are very close to 
real scenarios, the present study provides a theoretical framework in order to enhance 
sensitivity of such sensors. 
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