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ABSTRACT 
 
     A study, using potential water wave theory, is conducted on oblique water wave 
scattering by two fixed submerged identical rectangular prisms placed over a finite step 
before a vertical end wall. Fourier expansion method is employed to obtain the velocity 
potentials explicitly in terms of Fourier series. The unknown coefficients appearing in 
the velocity potentials are determined by the eigenfunction expansion matching method.  
The derived velocity potentials are used to compute the hydrodynamic forces acting on 
the prisms for different gap spacings between the two prisms and for different positions 
of the upper prism from the mean free surface. It is observed that the amplitudes of 
hydrodynamic forces on the prisms decline with increasing wavenumber, approaching 
zero when the wavenumber is greater than 12. The upper prism experiences a higher 
hydrodynamic force than the lower prism, regardless of the spacing and submergence 
depth. 
 
1. INTRODUCTION 
 
     In coastal engineering, submerged structures are used as breakwaters to protect 
coastal structures. These breakwaters are environment-friendly and useful as allowing 
water exchange between the sea and lee sides of them. Furthermore, they are 
economical compared with the traditional bottom-mounted breakwaters. A number of 
studies have been carried out on the wave interaction with a horizontal submerged 
structure (Patarapanich and Cheong 1989, Liu and Iskandarani 1991, Patarapanich 
1984, Cheong et al. 1996, Hu et al. 2002). They solved this problem to find the 
reflection and transmission of waves. On the other hand, Wang and Shen (1999) using 
linear potential theory computed wave reflection and transmission by a group of 
submerged plates. They observed that the reflection and transmission coefficients 
depend on the length of the plates and the depth of the plates from the free surface. 
The wave transmission was decreased with the increase in the length of the plates. 
Zheng et al. (2007) solved the problem of oblique wave scattering by an infinitely long 
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rectangular submerged structure, using the variable separation and eigenfunction 
expansion matching methods. They presented numerical results for reflection and 
transmission coefficients, and hydrodynamic forces acting on the submerged body. Liu 
et al. (2009) used the eigenfunction expansion method to investigate the hydrodynamic 
performance of two side-by-side submerged horizontal breakwaters of equal width but 
of different thicknesses. They identified that the spacing between the two breakwaters 
does not influence much on the reflection of water waves. Zheng et al. (2007) studied 
the radiation and diffraction of linear water waves by a submerged structure in the 
presence of a vertical wall. They estimated the hydrodynamic forces acting on the 
submerged body and vertical wall. The hydrodynamic forces acting on the submerged 
body are periodic in nature, and the amplitude of forces decrease with the increase of 
wavenumber and submergence depth. 
 
     In the above studies, the water depth was considered uniform. However, 
submerged breakwaters commonly are installed near the coastline where the water 
depth is not uniform in general. Therefore, it is required to study the hydrodynamic 
performance of submerged breakwater in the presence of an uneven bottom. For 
simplicity, we consider a step bottom in the present study. Furthermore, these 
breakwaters are commonly used to protect bottom-mounted coastal structures such as 
vertical wall, jetties or wharfs and continental shelves which also act like a vertical wall. 
Therefore, in the present study a vertical wall is also considered on the coastline. 
Recently, Mondal and Takagi (2019) studied wave scattering by a fixed submerged 
body in infinite and semi-infinite fluid domains. They computed the hydrodynamic forces 
acting on the submerged body. They observed that the bottom effect need not to be 
considered if h/H > 0.9, where h and H are water depths in shallower and deeper 
regions, respectively. In addition, they computed the amplitude of free water surface 
elevation and observed that the wave amplitude in the lee side is smaller than that of 
the sea side of submerged breakwaters. Thus, the submerged breakwater can provide 
a relatively calm region in the lee side. In the present study, we extend the work of 
Mondal and Takagi (2019) by considering two side-by-side submerged prisms in semi-
infinite fluid domain. Our aim is to solve the problem analytically using eigenfunation 
expansion method. The deduced velocity potentials are used to compute the horizontal 
and vertical forces acting on the submerged prisms for different physical parameters. 
 
2. FORMULATION AND SOLUTION 
 
     In the present study, the three-dimensional Cartesian coordinate system is used 
such that the xy-plane represents mean free surface and the z-axis is vertically upward, 
with the origin located above the centers of the breakwaters. The side view of the 
present problem is shown in Fig. 1. A finite step at x = d is considered, with the water 
depth changing from H to h (< H). The two rectangular prisms (B1 and B2), each 
having width 2d and thickness s, are placed over the step at a depth h1 and h3, 
respectively, from the mean free surface. They are infinitely extended along the y-axis. 
The gap spacing between the two breakwaters are denoted by c = h3-h2 (Fig. 1) 
Furthermore, a vertical rigid wall is assumed at x = - L. Depending on the geometrical 
configuration, fluid domain is divided into five regions, R1: d < x < ∞, -H < z < η; R2: - d 
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< x < d, - h1 < z < η; R3: - d < x < d,  -h3 < z < - h2; R4: - d < x < d, - h < z < - h4 and R5: 
- L < x < - d, - h < z < η, where η is the free surface elevation from mean water level.  
      
 

 

 

 
Fig.1 Schematic view of submerged prisms in semi-infinite fluid domain 

 
     Fluid of density ρ is considered inviscid, incompressible. The fluid motion is 
irrotational and simple harmonic in time, having angular frequency ω. Considering 
small-amplitude water wave theory, oblique water wave is adopted. The angle of 
interaction between the incident wave and structure is θ. Thus, the velocity potential 

Φ(x,y,z,t) can be written as 
( )
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part and ky = k0 sin θ being the y-component of the wavenumber k0. Therefore, the 
spatial velocity potential ( , )x z satisfies the Helmholtz equation 
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in the fluid domain. 

Linearized free surface boundary condition at z = 0 is 
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where g is the acceleration of gravity. As fluid does not penetrate through seabed, 

prisms, and vertical wall, the boundary conditions are as follows  
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where j = 1 and 2 indicate prisms B1 and B2, respectively. 
 

Along with the above boundary conditions, the velocity potential ( , )x z  satisfies 

the far-field radiation condition 

 
 0 0( ) ( ) 0

0

cosh ( )
( , ) ,  as ,

cosh
x xik x d ik x d k H z

x z Ie Re x
k H

    
    (6) 

where I and R are associated with the incident and reflected wave heights, 
respectively, in region R1 and k0x = k0 cos θ is the x-component of incident wave 
number k0. 

     Using eigenfunction expansion method the velocity potentials ( , )l x z  for each 

region Rl (where l = 1, 2, 3, 4 and 5) are computed. The velocity potentials ( , )l x z satisfy 

Eq. (1) along with the boundary conditions as in Eqs. (2) - (6). Proceeding in a similar 

manner as in Mondal and Takagi (2019), ( , )l x z are expressed as 
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where ( ),  ( ),  ( ),  ( )n n n nf z z z z   and ( )ng z are eigenfunctions such that 
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The eigenfunctions  ( ) and ( )n nz g z  can be obtained from Eq. (12) replacing (kn, H) by 

(  1,n h ) and ( ,n h ), respectively. In addition, the eigenfunction 
n

χ (z)  can be obtained 

from Eq. (13) by replacing pn and h3 by qn and h, respectively. The quantities, knx, μnx, 
pnx, qnx and κnx, which appear in Eqs. (7) - (11) are of the form 
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the dispersion relation 
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     In Eqs. (7) – (11), An, Bn, Cn, Dn, En, Fn, Gn and Hn are unknown constants to be 
determined to know the velocity potentials completely. For the purpose of numerical 
computation, we need to truncate the infinite series over n. Suppose, the infinite series 
over An, Bn, Cn, Dn, En, Fn, Gn and Hn converge for n = N1, N2, N3, N4, N5, N6, N7 and N8. 
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consider N = max {N1, N2, …,N8}. This gives (8N+8) unknowns which can be computed 
by considering matching conditions of velocity and pressure at x = ± d. 
 
4. NUMERICAL RESULTS AND DISCUSSION 
 
     In this section, hydrodynamic forces acting on the submerged prisms are 
computed for different physical parameters. The horizontal force (Fx1, Fx2) and vertical 
force (Fz1, Fz2), where subscripts 1 and 2 represent the prisms B1 and B2, respectively, 
are computed by 
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The hydrodynamic forces in non-dimensional form are 
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where a  is the incident wave amplitude. 

 
    For the purpose of numerical computation, the values of different parameters are 
h/H = 0.75, d/H = 0.25, s/H = 0.1, L/H = 1.0, and the incident wave angle θ = 30o, 
unless otherwise stated. Before computing the numerical results, it is required to find 
the minimum value of N for which results converge. In the present context, we 
observed that the hydrodynamics forces converge for N = 20. Mondal and Takagi (2019) 
also found that the results converge for N = 20, in case of wave scattering by a single 
submerged prism. 

  
 
Fig. 2 Horizontal forces on prisms (a) B1 and (b) B2 for different values of c/H with h1/H 
= 0.2. 
 
     Figs. 2 and 3 show the horizontal and vertical forces acting on the prisms for gap 
spacing c/H = 0.1, 0.2 and 0.3 when the upper prism B1 is placed at a fixed depth h1/H 
= 0.2 from the mean free surface. The horizontal and vertical forces acting on the prism 
B1 tends to zero for non-dimensional wave number k0H > 12 and 15, respectively. 
However, the forces on the prism B2 tends to zero at k0H ≈ 8. Both Figs. 2 and 3 depict 
that the hydrodynamic forces vary in a wavy fashion with increasing k0H, the 
hydrodynamic forces becoming zero for different values of k0H. The zero values result 
from the interaction between the incident wave and reflected wave from the vertical wall. 
The upper prism experiences more hydrodynamic force than the lower prism. With the 
increase in c/H, the maximum value of the horizontal force of the upper prism shrinks 
for k0H < 1.7. As does that of the lower prism. The effect of c/H on the horizontal force 
of the upper prism is less than that the lower prism. This is because with increasing c/H 

(a) (b) 
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the lower prism gets closer to the seabed. The relationship between the vertical force 
and c/H is not straight forward as that between the horizontal force and c/H (Fig. 2). 
With increasing c/H, the vertical force on the upper prism decreases for k0H = 0.01 - 
1.82 but enhances for k0H = 1.82 – 5.34. For the lower prism, c/H = 0.1 produces the 
largest force for k0H = 0.01 – 3.5.    

 

 

 

 
 
Fig. 3 Vertical forces on prisms (a) B1 and (b) B2 for different values of c/H with h1/H = 
0.2. 
 

  
 
Fig. 4 Horizontal forces on the prisms (a) B1 and (b) B2 for different values of h1/H with 
c/H = 0.1. 
 

Figs. 4 and 5 show the variation in horizontal and vertical forces with k0H for h1/H 
= 0.1, 0.2 and 0.3 when c/H = 0.1. It is observed that horizontal force on B1 increase 
with k0H for k0H = 0.1 – 1.6. Reaching a maximum at k0H = 1.6, it declines with further 
increasing k0H and become zero. However, the horizontal force on lower prism reaches 
a maximum at a lower value of k0H = 0.97 and with the increase of k0H, declines in 
magnitude attending a zero minimum. This process continues, leading to a damped 
wavy variation of the forces with k0H. The amplitude of the forces decreases with 

(a) (b) 

(a) (b) 
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increasing k0H. Furthermore, it is observed that the forces decrease with the increase 
in c/H and h1/H. 

  

 
Fig. 5 Vertical forces on the prisms (a) B1 and (b) B2 for different values of h1/H with 
c/H = 0.1. 
 
3. CONCLUSIONS 
 
     In the present study, we formulated a boundary value problem for oblique water 
wave scattering by two fixed submerged prisms in the presence of a vertical step and 
the fluid domain is considered semi-infinite in nature. The problem is solved analytically 
by using the Fourier expansion method. The velocity potentials are described explicitly 
in terms of infinite series solution. It is observed that for the present set of numerical 
values of different physical parameters, hydrodynamics forces converge for the 
truncated values N = 20. Therefore, this technique is more convenient than any other 
numerical methods (e.g. finite element method, boundary integral method) in terms of 
cost and computation time. It is found that the horizontal and vertical forces vary in a 
wavy pattern with k0H and the amplitude of forces decreases with the increase of k0H. 
The horizontal and vertical forces acting on the upper prism are negligible for k0H > 12. 
However, the lower prism experience negligible force at smaller k0H ≈ 8. With the 
decrease of submergence depth (h1/H), the maximum value of horizontal force 
increases. The gap spacing (c/H) has a negligible effect on horizontal force acting on 
the upper prism (Fig. 1). However, it is observed that the wave force acting on the lower 
prism decrease significantly with the increase of c/H. This happens as the lower prism’s 
depth increase with the increase of c/H. The findings are likely to be useful for the 
modeling of submerged breakwaters. 
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