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ABSTRACT

In order to find a solution to complex wave propagation models, two time marching
procedures are discussed here, namely the a and the 3 adaptive methods. In both these
techniques, time integration parameters are adaptively evaluated, following the
properties of the discretized model and the values of the computed responses. The main
characteristics of these techniques are: (i) they are explicit; (ii) they are truly self-starting;
(iii) they are only based on single-step displacement-velocity relationships; (iv) they
enable advanced controllable algorithmic dissipation in the higher modes; (v) the a-
adaptive method has the same stability limit as the central difference method, and the -
adaptive formulation enables a stability limit twice that value; (vi) both procedures provide
a link between the adopted spatial and temporal discretizations, rendering very effective
calculations. Automated domain decomposition and sub-cycling calculations are also
carried out herein, enabling fully-adaptive time-marching algorithms. Numerical models
are studied at the end of the paper to demonstrate the robustness and effectiveness of
the discussed approaches considering the use of the Finite Element Method for their
spatial discretizations.

1. INTRODUCTION

In this paper, two explicit formulations with adaptive time integrators, namely the a-
adaptive method and the -adaptive method, are studied, considering the
implementation of sub-cycling techniques to improve the efficiency and accuracy of the
proposed time integration algorithms (Pinto, 2021). These adopted time integration
procedures are based on adaptive parameters that focus on providing effective
numerically dissipative algorithms, aiming to eliminate the influence of spurious high
frequency modes and to reduce amplitude decay errors. In this sense, the time
integration parameters are adaptively computed taking into account the maximum
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sampling frequency of the elements. For the activation of the adaptive parameters, the
results of the previous local time steps are considered. Thus, by introducing different
time-steps into the analysis (considering subdomain divisions and sub-cycling
techniques), the performance of the methodologies may be enhanced.

The a-adaptive method that is discussed in this manuscript is based on the
explicit counterpart of the hybrid explicit-implicit time-marching procedure proposed by
Soares (2019). The B-adaptive method, on the other hand, is based on the modified
explicit adaptive approach provided by Soares (2020), which is better adjust to the multi-
time-steps/sub-cycling splitting procedures that are considered in this work to enable a
fully-adaptive approach.

The techniques discussed in this paper can be used to solve problems of different
nature, however, here, elastodynamic analyses and geophysical applications are
focused. In geophysics, it is often necessary to directly analyze very heterogeneous
domains that feature several layers of different materials. In this sense, automatic sub-
cycling techniques become very attractive, since these different layers/media may be
efficiently analyzed considering proper subdomain divisions.

The manuscript is organized as follows: first, the governing equations of the
model and the adaptive solution methodologies are presented, highlighting the main
aspects of each discussed formulation; in the sequence, numerical applications are
considered, taking into account theoretical and highly complex applied models,
illustrating the excellent performance of the proposed techniques. At the end of the paper,
conclusions are provided, summarising the several positive aspects of the discussed
formulations.

2. GOVERNING EQUATIONS AND SOLUTION STRATEGY
The governing system of equations describing an elastodynamic model is given by:
MU(t) + CU(t) + KU(t) = F(t) (1)

where M, C, and K stand for the mass, damping, and stiffness matrices, respectively;
U(t), U(t) and U(t) are acceleration, velocity, and displacement vectors, respectively;
and F(t) stands for the force vector. The initial conditions of the model are given by:
U° =U(0) and U°=U0(0), where U° and U° stand for initial displacement and
velocity vectors, respectively.

The standard Finite Element Method (FEM) is here considered for the spatial
discretization, so that the domain of the problem is divided into elements, allowing the
calculation of local matrices and vectors, which can then be assembled to generate the
global matrices M, C, and K, and vector F. In the subsections that follow the adopted
time-marching formulations are described.

2.1 The a-adaptive method

In this time-marching procedure, the displacements and velocities of the model are
computed as follows:
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where At represents the time-step of the analysis (t"*! =t + At), and U™ and U"
stand for the approximations of U(t") and U(t"), respectively. In equation (2a), the
subscript “e” indicates that a variable is locally defined, at an element level. Once
equation (2a) is assembled, the velocities of the model can be computed, and the
displacements can then be evaluated following equation (2b).

As one can observe, there is a time integration parameter in equation (2a),
represented by ag, which varies its value for each element of the adopted spatial
discretization (see the subscript “e”) and for each time step of the time-marching
procedure (see the superscript “n”). Considering this o parameter, which controls the
amount of numerical damping to be introduced into the analysis, the strategy here is to
adopt o > 1 wherever and whenever numerical damping may be necessary, and a =1
otherwise. This strategy can be automatically carried out based on an oscillatory criterion
controlled by a ¢ parameter, which is also calculated at each time step and for each

element. The calculation of this oscillatory parameter may be given by: @i =
gl {[ul = uP?] = up — w7 = [ult - u{“2||, where d. stands for the total amount of
degrees of freedom of the element, which are represented by the u;. Therefore, when
@ # 0, at least one degree of freedom of the element is oscillating. Thus, the algorithm
activates maximal numerical dissipation at the maximal sampling frequency of the
element Q2 (where Q* = wI¥*At, and ¥ stands for the maximum natural
frequency of the element, i.e., the highest square root of the eigenvalues that are
computed based on the local matrices M, and K,), effectively dissipating the highest
modes of the problem. So, when g # 0, ai assumes the following value:

gt = (P — 47, + 4(QP + DY) /0P (3)

where the superscript “act” (abbreviation for active) highlights that this expression is
applied only when numerical damping is to be introduced into the analysis. For ¢§ = 0,
a2 =1 is considered. In equation (3), (. = ¢./(2p.wa?*), where wI®*, p. and ¢,
stand for the physical properties of the element, i.e., maximum natural frequency, mass
density and viscous damping coefficient, respectively (p. and ¢. define the local
matrices M, and C., respectively).

2.2 The p-adaptive method

In this time-marching procedure, the displacements and velocities of the model are
computed as follows:
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where an additional V vector is introduced to compute the displacements (see equation
(4b)), allowing to obtain greater stability limits for the explicit analysis (as in Noh, 2013;
Zhang, 2019; Kim, 2019; etc.). This V vector is evaluated as follows:

1 1 | |
(M + 5 8tC, ) Vet = —AcC Uz — ZAK,((BD?02 + (1 + B UE) ©)

where, analogously to a2 in the previous subsection, B2 represents an integration
parameter whose value varies for each element and for each time step of the analysis,
controlling the dissipative properties of the technique. The strategy adopted for f is
similar to that for «, i.e., B > 0 is applied wherever and whenever numerical damping
may be necessary, and 3 = 0 otherwise. In this case, the ¢ parameter may also be
used to control the activation of numerical dissipation. So, when @2 # 0, 2 assumes
the following value:

Bact = (_QrenaXS + 16Q£nax3—32QrenaX2Ze + 8(_leaX8Zez_16leaX6Ze4
— 1024Q?aX4Ze6 _ 29?""‘7(3 + 3ZQrenax6Ze2 _ 96lea>(5<63
— 4096QIenax3<e5 _ Qénaxﬁ + 64Q£nax5<e _ 448Qrenax4<e2
+ 102400337 3 _ 6144Qmax2g * 4 3p0maxt _ g7pqmaxdy (6)
+307207%°Z,? — 4096077 — 30408 + 30720777,
— 1024¢,% + 1024) /2 — 32002%) / (OI2° 4+ 640037, 2
+ 1289£nax2<e + 640max)

and, for @3 =0, B2 = 0 is considered.
2.3 Time-marching subdomains and subcycling

Subcycling is a subdomain decomposition associated with multiple time-steps. This
technique allows a domain to be discretized considering different refinement levels
without limiting its explicit time-marching solution to be restricted to its shortest critical
time-step. This allows greater time-step values for different subdomains, enabling lower
computational costs. However, sub-cycling must be properly considered, once excessive
subdivisions may provide deterioration in both accuracy and efficiency. Here, an
automatic algorithm is developed to improve efficiency without compromising accuracy.
In this algorithm, the following steps are followed to define the subdomain decomposition:
(i) calculate the critical time-steps of all elements, finding the smallest At, of the model
(i.e., At,, where At, = min (4t,)), which is the basic time-step for the controlled
subdivision of the domain; (ii) with At;, defined, calculate subsequent time-step values
as multiple of the power of 2 of this minimal time-step value (i.e., calculate At;, where
At; = 20-DAt,): (iii) associate each element to a computed time-step value (i.e., to At;,
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where  At; < At, < At;,, and i indicates the subdomain of that element); (iv)
associate a time-step value (i.e., associate a subdomain) to each degree of freedom of
the model considering the lowest time-step value of its surrounding elements.

In addition, the algorithm allows the control of the percentage of elements that
have inexpressive numerical damping, that is, a3t ~ 1 or B2 ~ 0, due to At; =~ At. (in
this case, the dissipative capability of the element is greatly reduced). Due to this, the
algorithm applies a reduction factor, if applicable, assigning a At to the subdomain
slightly less than its critical value (i.e., At = yAt., where y stands for this reduction factor,
which guarantees o2 > 1 or B3t > 0). In this work, the following criterion is adopted,
in this case: if more than 25% of the computed a2t values are lower than 1.05, or more
than 25% of the computed B2t values are lower than 0.05, y = 0.95; otherwise, y = 1.

Once this algorithm is followed, displacement and velocity values along the
boundaries of these subdomains may need to be interpolated. In this work, the following
expressions are adopted for these interpolations:

1. . .
U = E(U““ —U")t? + Ut + U" (7a)

000 = - (07— 0n)e+ 07 (7b)

where t is the current increment of time (0 < t < At) for the focused subdomain and At
is the time-step value of the degree of freedom being interpolated, which is related to the
neighboring subdomain.

3. NUMERICAL APPLICATIONS

In this section, three numerical applications are considered, briefly illustrating the
performance and potentialities of the discussed techniques. In the first example, based
on the fundamental solution, an infinite domain homogeneous model is studied, which is
subjected to a point load, from where energy propagates. This application has an
available analytical solution, allowing to evaluate the errors of the computed responses
as follows:

1/2

N
3 (07 - @)/ (Ua)’ ®)

Error =

where U, and U stand for the analytical and the computed displacements for a degree
of freedom of the model, respectively, and N represents the number of time steps in the
analysis.

After that, two complex heterogeneous models are studied to illustrated the
excellent performance of the presented methods in large geophysical problems, such as
those that occur in the OIL & GAS industry. The Elastic 2DEW model (Fehler 2012) and
2004 BP model (Billette 2005) are land models created for benchmark, which are
characterized by having several layers (heterogeneous properties) with large salt regions.
In order to demonstrate the effectiveness of the proposed methodology, the applications
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that follow are also analyzed considering the classic central difference method (CDM)
and explicit generalized a (EG-a) method (Hulbert 1996), with its input parameter
selected as pb = 0.3665 (as recommended by the authors, for lower dispersive errors).
For the synthetic geophysical models, on the other hand, the discussed procedures only
have their results compared to the EG-q, since the goal is then just to demonstrate the
gain of performance of the proposed methodologies (once analytical solutions are not
available).

3.1 Homogeneous model

In this first application, an infinite elastodynamic homogeneous model is analyzed,
subject to an impulsive load in the x direction. Five FEM meshes are generated, centred
at the load application point, considering a higher concentration of elements at the
application centre. The number of elements of each mesh of triangular elements are: (i)
discretization 1 — 25600 elements; (ii) discretization 2 — 57600 elements; (iii)
discretization 3 — 129600 elements; (iv) discretization 4 — 230400 elements; and (v)
discretization 5 — 409600 elements. The analytical solution for this application is
described in Pinto (2021) and the adopted mesh for discretization 2 is shown in Fig.1.

Fig.1 — FEM mesh for the homogeneous model, discretization 2.

Fig.2(a) shows the At calculated for all elements in discretization 2 before
subdivision into subdomains (i.e., the computed A4t, values). In Fig.2(b), after the
automatic subdivision of the domain, 3 subdomains are defined, with most of the domain
marching with a At four times greater than that of the region with the lowest At. All 5
discretizations presented 3 subdomains with a proportion of elements per subdomain
similar to that of discretization 2. In Fig.3, the active values of the dissipative parameters
a and B are presented, without considering sub-cycling in part (1) and considering it in
part (2).

The computed results of displacements over time are shown in Fig.4, for
discretizations 2 and 5, at a point located 1.01 m horizontally distant from the applied
load. As this figure illustrates, it is evident that the discussed procedures provide more
accurate results than standard techniques and that they more adequately dissipate
spurious numerical oscillations.
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(a) (b)

Fig.2 — Time-step values for discretization 2: (a) 4t,; (b) At per time-marching
subdomain.
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Fig.3 — Active time-integrators for discretization 2: (a) o2t; (b) B2a<t; (1) without
considering time-marching subdomains; (2) considering time-marching subdomains.
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Fig.4 — Time history results for the horizontal displacements at a point located 1.01 m
horizontally away from the applied load: (a) discretization 2; (b) discretization 5.
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Fig.5 — Error curves for the discussed time-marching procedures and discretizations.
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Fig.5 shows the convergence curves of the studied techniques considering the 5
adopted discretizations (and the performance of these techniques are further described
in Table 1). As this figure indicates, the adaptive procedures (with and without sub-cycling)
provide lower error values considering discretization 1 than the referred standard
techniques provide considering the much refined discretization 5, highlighting the huge
gain of performance of the proposed adaptive formulations. Table 1 shows that the a-
adap/sub provides the best accuracy for all adopted discretizations, computing errors
more than twice lower than those of classical methodologies, as well as the B-adap/sub
provides the best computational efficiency, computing responses more than 5 times (in
some cases, almost 10 times) faster than classical methodologies.

Table 1 — Performance of the methods for the homogeneous model

Discretization Method At (1072%s) Error uy CPU Time
(1071) (s)

CDM 0.12783 5.64 (2.46) 35.2 (7.33)

EG-a 0.11520 5.28 (2.31) 44.4 (9.25)

a-adap 0.12783 3.16 (1.38) 34.8 (7.25)

1 B-adap 0.26306 4.09 (1.79) 18.5 (3.85)
a-adap/sub  0.51132" 2.29 (1.00) 9.7 (2.02)
B-adap/sub 1.05225" 3.49 (1.52) 4.8 (1.00)

CDM 0.72227 5.31 (2.44) 143.7 (7.68)

EG-« 0.65096 4.87 (2.23) 164.2 (8.78)

a-adap 0.72227 3.04 (1.39) 141.2 (7.55)

2 B-adap 1.44455 3.87 (1.78) 66.5 (3.56)
a-adap/sub  2.88234" 2.18 (1.00) 36.1(1.93)
B-adap/sub 5.75470" 3.38 (1.55) 18.7 (1.00)

CDM 0.72058 5.24 (2.57) 207.7 (7.64)

EG-a 0.64944 4.87 (2.39) 217.8 (8.01)

a-adap 0.72058 2.81(1.38) 206.6 (7.60)

3 B-adap 1.44117 3.62 (1.77) 91.5 (3.36)
a-adap/sub  2.88234" 2.04 (1.00) 59.3 (2.18)
B-adap/sub 5.76470" 3.14 (1.54) 27.2 (1.00)

CDM 0.56371 5.13 (2.62) 225.5 (5.09)

EG-« 0.50806 4.32 (2.20) 243.2 (5.49)

a-adap 0.56371 2.72 (1.39) 224.1 (5.06)

4 B-adap 1.12743 3.46 (1.77) 118.7 (2.68)
a-adap/sub  2.25486" 1.96 (1.00) 70.6 (1.59)
B-adap/sub  4.50973" 3.04 (1.55) 44.3 (1.00)

CDM 0.31077 5.01 (2.72) 791.9 (5.08)

EG-a 0.28009 4.09 (2.22) 860.4 (5.52)

a-adap 0.31077 2.46 (1.34) 790.1 (5.06)

S B-adap 0.62155 3.23 (1.76) 4450 (2.85)

a-adap/sub  1.24310" 1.84 (1.00) 256.3 (1.64)

B-adap/sub  2.48621" 2.91(1.58) 156.0 (1.00)

* Relative values are provided in parenthesis; ** Maximal At in the multiple time-steps analysis
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3.2 Heterogeneous models

Two geological subsurface models are studied in this subsection to demonstrate the
robustness and good efficiency of the proposed methodologies. These models are
designed having a degree of complexity compatible to real subsurface models, testing
the applicability of the novel algorithms to practical industry cases. The first elastic earth
model simulates a region of salt from the Gulf of Mexico. The second, 2004 BP, has the
following architecture: its left side is based on a geological section across the western
Gulf of Mexico; the central part simulates the geological characteristics in the Central /
East Gulf of Mexico; and the right side represents features found in the Caspian Sea,
North Sea or Trinidad. Thus, thin stratigraphy models include oil and gas reservoirs.
These models are shown in Fig.6.

(b7)

Fig.6 — Geological models: (a) model 1; (b) model 2; (1) layers illustrating the different
physical properties of the model; (2) layers illustrating the computed different time-
marching subdomains.

In Fig.6(a1), the first elastic earth model is depicted, which is characterized by an
area of 35 km x 15 km, and discretized by a FEM mesh composed of 717139 linear
triangular elements. This model is excited by the application of a pulse in the y direction
on its top surface, at x = 17440 m. In Fig.6(b1), the 2004 BP model is described, which
is characterized by an area of 67.5 km x 46 km, and discretized by a FEM mesh
composed of 2574204 linear triangular elements. This model is also excited by the
application of a pulse in the y direction on its top surface, at x = 33713 m. The computed
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time-marching subdomain divisions of the models are depicted in Fig.6(2), indicating that
the first model is divided into 4 subdomains, whereas the second one is divided into 3

subdomains.

In Table 2, the performances of the adaptive techniques and of the EG-a are
provided, for both geological models. As before, the a-adap/sub and B-adap/sub enable
enhanced performances in comparison to standard techniques and, in this case, the (3-
adap/sub allowed analyses 4.07 and 2.80 faster than the EG-qa, for models 1 and 2,

respectively.

Table 2 — Performance of the methods for the applied geological models’

Model Method At (10732s) CPU Time (s)
EG-a 0.19834 830 (4.07)
1 a-adap/sub 1.76552 ™ 305 (1.50)
B-adap/sub 3.53104" 204 (1.00)

EG-«a 0.27973 12097 (2.80)
2 a-adap/sub 1.24150" 6987 (1.62)
B-adap/sub 2.48301" 4319 (1.00)

* Relative values are provided in parenthesis; ** Maximal At in the multiple time-steps analysis

1)

(c2)

Fig.7 — Computed results (displacement modulus) for model 1, along the discretized
domain: (a) EG-q; (b) a-adap/sub; (c) B-adap/sub; (1)t=2.5s; (2)t=3.5s.
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(b1)

Fig.8 — Adaptive time-integrators for model 1, along the discretized domain: (a) ag; (b)
Bo; (1)t=25s;(2)t=35s.

Fig.9 — Computed results (displacement modulus) for model 2, along the discretized
domain: (a) EG-q; (b) a-adap/sub; (c) B-adap/sub; (1)t=5s;(2)t=7.5s;(3)t=10s.
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(b1) (b2)ﬂ (b3)

Fig.10 — Adaptive time-integrators for model 2, along the discretized domain: (a) ag; (b)
Be; (1)t=5s;(2)t=7.5s;(3)t=10s.

In Figs.7-10, screenshots of the computed results are presented. In Fig.7 the
computed displacement moduli are depicted (following a logarithmic scale, for better
visualization) along the discretized domain, for model 1. Analogous results are depicted
in Fig.9, considering model 2. As these figures illustrate, the new methodologies provide
similar results to those of the standard technique, although, less spurious oscillations can
be subtly perceived in the provided answers. In Figs.8 and 10, the time-integrators of the
adaptive formulations are illustrated, considering model 1 and 2, respectively. As these
figures highlight, these time integration parameters locally (spatially and temporally)
adapt according to the properties of the discretised model and computed responses,
enabling very accurate solution procedures.

As it is described in this subsection, the proposed fully-adaptive formulations, in
which the time-integrators of the method and the time-step sizes of the analysis are
locally self-adjusted, according to the features of problem, stand as very robust and
effective solution procedures, allowing properly analysing highly complex wave
propagation models.

4. CONCLUSIONS

This paper describes two explicit fully-adaptive time-marching formulations for hyperbolic
models. In these approaches, both time-step and time-integrator values adapt to the
properties of the discretized models, allowing to provide more efficient and accurate
solution methodologies. These explicit adaptive techniques automatic stablishes the
time-step subdomains, which is defined during the pre-processing stage of the proposed
algorithm, based on the computation of the critical time-steps of each element. Thus,
when sub-cycling is applied, after the definition of the smallest critical time-step value
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(considering the elements of the spatial discretization), this value is employed to define
the basic time-step size for the definition of the subdomain groups, which subsequently
march with time-steps that are multiple of this basic time-step value, respecting the
criterion of local stability. In this way, the discussed explicit fully-adaptive methodologies
are shown to be very effective, as they consider adaptive time integrators that are defined
as function of these local time-step values (as well as of other local characteristics of the
model), establishing a link between the adopted spatial and temporal discretizations,
rendering very effective calculations. Still, although this work focuses on the propagation
of elastodynamic waves, the methodologies that are here described are easily applicable
for many other hyperbolic models.

As shown in the examples presented in this work, substantially more accurate
responses are obtained when considering multi-time-steps/sub-cycling splitting
procedures in association to the discussed adaptive time-marching techniques; an
aspect that is here strengthened once these techniques are configured to be ideally
compatible to the adopted subdivision approach. The geophysical examples
demonstrated the capability of the proposed approaches to properly subdivide the
domain of the model based on its adopted spatial discretization and physical properties.
In addition, the proposed procedures drastically reduce the computational effort of the
solution process and also provide more accurate responses than standard techniques.

As one can notice, the proposed approaches provide the main positive attributes
that can be asked from an explicit time integration formulation. Besides, the use of
adaptive multiple time-steps gives rise to very flexible approaches for modelling wave
propagation in nonhomogeneous media, being also suitable for other types of problems
governed by hyperbolic PDEs.
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